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Abstract. We consider the graded space R of syzygies for the coordinate algebra A of projective 
variety X = G/P embedded into projective space as an orbit of the highest weight vector of an 
irreducible representation of semisimple complex Lie group G. We show that R is isomorphic to 
the Lie algebra cohomology H = H'{L^2, C), where L^2 is graded Lie subalgebra of the graded Lie 
s-algebra L = Li (B L^2 Koszul dual to A. We prove that the isomorphism identifies the natural 
associative algebra structures on R and H coming from their Koszul and Chevalley DGA resolu- 
tions respectively. For subcanonically embedded X a Frobenius algebra structure on the syzygies is 
constructed. We illustrate the results by several examples including the computation of syzygies for 
the Pliicker embeddings of grassmannians Gr(2, A*'). 



Introduction 

A. Losev brought to our attention the fact that some computations made by N. Berkovits in the 
framework of string theory' contain an intricate description of minimal resolution for the projective 
coordinate algebra of connected component of complex isotropic grassmannian Gr^Q(5, 10) associated 
with non degenerate quadratic form on C^''. Subsequent papers by M. Movshev, A. Schwarz and 
others^ clarify the Berkovits computations as well as the interplay between the syzygies and a graded 
Lie superalgebra Koszul dual^ to the coordinate algebra of Gr^Q(5, 10). But the main focus of these 
papers remains with s-symmetric field theories, and the presentation of underlying mathematics 
seems to us rather tangled and over-diligent. 

The main goal of these notes is to give relatively simple and clear presentation of the math- 
ematics behind the sophisticated computations cited above and to illustrate it by some classical 
geometric examples. We tried to make the text self contained and understandable for advanced stu- 
dents. We believe that the subject is fruitful, and hope that this exposition could promote mutual 
understanding between mathematical and physical communities. 

The paper consists of five sections. The first three of them are essentially independent. In §1 we 
collect necessary algebraic geometric properties of projective varieties 

X = F{G- v^J C nV) 

that appear as the projectivization of the orbit of the highest weight vector in an irreducible repre- 
sentation y of a simply connected semisimple complex Lie group G. Class of these varieties clearly 
contains the isotropic grassmannians and serves a convenient generalization for the smooth^ varieties 
of 'pure spinors' considered in s-symmetric theories cited above. In 1.3 we write down explicitly the 
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'see [1], [2] 

^see [9], [32], [33], [34], [35], etc. 
■^in the sense of [17] 

^In fact, besides the grassmannians, Berkovits and others consider also a singular quadratic cone over Griso(5, 11), 
which is especially interesting for physicists because it serves some model of gravity. But the mathematical statements 
here are rather unclear to us and most likely require appropriate A^^ enchantment of the smooth case. In these notes 
we restrict ourselves to the smooth homogeneous spaces only. 
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quadratic equations generating the homogeneous ideaP 

I{X) = {fe S{V*) I fix = 0} . 

In 1.2.2 we show that if X is subcanonical, i.e. tux = ^x{—N) for some iV G N, then non zero 
cohomologies H'i{X, ffx{m)) can appear only for = or for q = dimX. 

In §2 we consider an arbitrary smooth^ subcanonical projective variety satisfying the previous 
vanishing conditions on H'i{X,0'x{m)). By §1, all subcanonical projective highest weight orbits 
belong to this class. Using Movshev's strategy from [32], [35], we show that for such X the space R 
of the syzygies for the graded projective coordinate algebra 

A = S{V*)/I{X)= e ijO(X,^x(m)) 

inherits a natural structure of the Frobenius algebra. In other words, we construct an s-commutative 
multiplication on A and a trace form 



such that the bilinear pairing (a, h) = tr (a • 6) is non degenerated. This generalizes and clarifies the 
duality isomorphisms constructed in [32], [35] for the smooth varieties of pure spinors. 

In §3 we deal with an arbitrary commutative Koszul quadratic algebra A. All the coordinate 
algebras of projective highest weight orbits are of this sort due to Bezrukavnikov's result [3]. It is 
well known that such an algebra is canonically identified with the cohomology algebra 

of the graded Lie superalgebra L = ® Ljn whose universal enveloping algebra A^- 
dual to A. We show that there is an isomorphism of algebras 

Rc^H'{L^2,C) , 

where the space of syzygies R is considered with the algebra structure constructed in §2, and 
L>2 = ® C L is graded Lie subalgebra started with L2-component of L (the algebra structure 

m^2 

on H'{L^2) is standard). The proof is based on a kind of differential perturbation lemma (see 3.5.1). 

In §4 we illustrate the previous technique by several non trivial examples. Namely, we compute the 
syzygies of the most singular commutative quadratic algebra A = T{y*) /SkewiV* ®V*) (see 4.2.1), 
the syzygies of rational normal curves (see 4.3.1), and the syzygies of grassmannians Gr(2, N) under 
the Pliicker embeddings (see 4.4.1). These results are also known for experts and can be extracted 
from [18], [22], [38], [40] and references therein. Our approach allows to treat all three examples 
uniformly: we use the description of the Lie algebra cohomology H'{L^2)- In the first two examples 
(actually served by free Lie algebras) the computation is very simple and takes just a few rows. 
In the grassmannian case the algebra of syzygies is what wc call a hook algebra. In the last §5 we 
collect generic properties of the hook algebras, in particular, we prove that each hook algebra is 
quadratic and koszul. 

Acknowledgments. We thank the Mittag-Lefler Institute, the Max Planck Institute, and IHES 
for the excellent possibilities to meet our colleagues and work on the subject, and NTNU for the 
nice opportunity to finish this job. We are grateful to B. Feigin, V. Kac, A. Losev, M. Movshev 
and D. Piontkovsky for many useful discussions. We thank D. Panyushev and V. Popov for the 
references on the papers [28], [29], G.Olshansky for the reference on [20], and J. Weyman for the 
references on [22], [38], and [40]. 



^these equations go back to Kostant and are known to specialists (comp. with [28], [29]); they have famous infinite 
dimensional extension developed by V. Kac and D. Peterson (see [23], [24]); for convenience of readers we sketch a 
short geometric proof for the finite dimensional case 

^in fact all constructions and results of §2 hold for locally complete intersection varies as well 
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1. Projective orbit of the highest weight vector 

1.1. Basic notations. Let G be connected and simply connected complex semisimple algebraic 

group and V = V\he its complex irreducible linear representation with a highest weight A. We fix 
Cartan and Borel subgroups T C B C G and write v^w & V ioi a highest weight vector and P C G 
for a parabolic subgroup stabilizing 1-dimensional subspace C • ■Whw In this part we consider the 
projectivization of the highest weight orbit 

(1.1) X = G/P ~ P(G • i;hw) nV) , 

which is a homogeneous G-space with the natural left action of G. We always put dimX = d, 
dimV = n + 1. Our especial interest is in the case when the canonical class of X is a negative 
integer multiple of the hyperplane section, i. e. 

(1.2) uJx = ^x{-N) for some iVeN, 

where (^x(l) = V*^P(y)(l) is the ample line bundle coming from the projective embedding (1.1). 
We will call such a variety X a subcanonical highest weight orbit (or a SHW-orbit for shortness). 
To clarify this condition, let us fix some standard notations related to Lie algebras and recall some 
basic facts about vector bundles on homogeneous spaces. 

1.1.1. Lie algebra notations. We denote by gDpDbDf) the Lie algebras ofGz:)PDBDT and 
write A''* C A^* C i)* for the root and weight lattices of g and A C A"^* for the set of all positive 
roots. As usual, we put 

to be the half sum of all positive roots. Let {aj} be the basic simple positive roots^ and {wj} be the 
corresponding fundamental weights, which are dual to ai w. r.t. the Killing form. Then we have 

(1.3) A = Hi ■ Ui with integer nj ^ , 

(1.4) p = be0f|_Q, where Ap = A n A-^ 

(a simple root G Ap iff the corresponding = 0). We write 

Af = A^nA^* = {/xGA^*| (/x,a) = VaGAp}= Z • a;^ 

i I ni^O 

for the set of all weights that produce the characters for p and write (/x) for the 1-dimensional 
P-module coming from such a character G Ap*. We also put 



qGA 



Besides we will sometimes consider its opposite Borel subgroup B' . li B = T \k U , where U is 
the unipotent part of B, then B' = T tK U' and U'TU is a dense open subset in G. Similarly, we 
will write g' = —g for the half sum of all the negative roots. 

1.1.2. Vector bundles on G/P. With any representation of P is associated a vector bundle 

E = GxE 
p 

over X = G/P with the fiber E. Its total space consists of pairs (5, e) G G x E modulo the 

equivalence {gp,e) ~ {g,pe) for p E P. Global sections X c — E are naturally identified with 

/ 

functions G E such that 

(1.5) pf{9) = f{9P~^) iovallpeP. 



^recall that (Q,ai) = 1 for any simple root Ui 
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The left G-action on G/P is extended canonically to the left G-action on the whole of E by the rule 

9- (51, e) = {ggi,e) 

and induces a linear representation of G in the space T{X, E), of the global sections of E. In terms of 
equivariant functions (1.5), in this representation an element g E G sends a function / to a function 
g ■ f defined by prescription 

(1-6) g-f{gi) = f{g-'gi)- 

If the action of P on can be extended to an action of G, then we have a vector bundle isomorphism 

E ► X X E, which takes an equivalence class of (g, e) to (g, ge). 

In particular, each 1-dimensional P-module (fi) , where G A^* , leads to the line bundle 

(1.7) [fx] = Gx{fi). 

We will write [jj] for this bundle considered as an element of the Picard group^ Pic(X) and will 
write i?x (/f^) for the corresponding invertible sheaf of its local sections. 

For example, 1-dimensional P-module (A) = C • v^w C Vx, spanned by the highest weight vector 
in G-module Vx, produces the tautological line subbundle 

^x{X) = ^x{-l)cVx = XxVx, 

which coincides with the restriction of the tautological line bundle ^p(y^)(— 1) onto X. 

It is easy to see that the tangent bundle Tx = G x Q comes from the representation 

p 

Q = fl/P = 9-a ■ 

Hence, the anticanonical line bundle is expressed in Pic(X) as the sum 

u;*x = A''Tx=Y, [-a] = -2{g-e,). 

Thus, a projective orbit (1.1) is subcanonical in P(Vx), i.e. satisfies (1.2), iff 

(1.8) 2{q- Qp) = NX for some N eN . 

This is significant restriction on A (e.g. we will see in 1.2 that it forces quite strong vanishing 
condition on the cohomologies of invertible sheaves ffx{k))- 

In the next examples we use the standard Bourbaki notations from [5]. 

Example 1.1.3 (the grassmannian Gr(2,5)). Let G = SL(5, C) with the diagonal torus T C G, 

i) = {ai^i + 02^2 H h 0565 I ^ flj = 0} , 

and the simple roots ctj = — e^+i , 1 ^ i ^ 4. Then the projective embedding 

Gr(2, 5) ^ X = P(G • v^^) C nVx) 

by means of the representation Vx with the highest weight A = [0, m, 0, 0] = m ■ U2 , m ^ 1 , is 
subcanonical only for m = 1, 5. Indeed, we have 

UJ2 = (3£i + 3£2-2£3-2£4-2£5)/5, 
2£> = 4£i-F2£2-2£4-4£5 , 

2 £"p = £1 - £2 + 2 £3 - 2 £5 . 

Thus, A = muJ2 divides 2{q — Qp) = 5uj2 only for m = I and m = 5. The former, non tautological, 
case gives the Pliicker embedding Gr(2, 5) — >► Pg and leads to iV = 5 in (1.2). 

^in fact, Pic(X) is spanned by the line bundles (1.7), see [39] 
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Example 1.1.4 (the group G = SL(3,C) x SL(2,C)). This group^ has the diagonal torus T C G 
with f) = [)' © [)", where 

f)' = {aie[ + + as^s I ai + 02 + 03 = 0} , 

i)" = {he'l + ftse'a I + 62 = 0} , 

20 = 2e[-2e':, + e'l-£'^ . 

The representation Vx = V' 'Si V" (where V' , V" are the tautological 3- and 2-dimensional SL(3)- 
and SL(2)-modules) has 

A = ^ + j; = (24 - 4 - 4) /3 + {e'i - e'i) /2 . 

For P = Stab(i'A) we have 2f)p = £5 4' which gives 

2{q- q^) = 24 - e'2 - £3 + 4 - 4 = StJi +2uj'i . 

We conclude that the tautological highest weight embedding of G/P is itself not subcanonical. But 
the embedding 

G/P X = ¥{G- v^) C ¥{S^V' (g) S'^V") 

(corresponding to = S^V (g) S'^V" with jjl = 30;^ + 2^2) is subcanonical and (1.2) holds with 
AT = 1. 

Example 1.1.5 (even dimensional pure spinors). Let G = Spin(10, C) be the universal covering 
for SO(10, C) and Y = Gi^^{5, 10) be a connected component of the grassmannian of 5-dimensional 
isotropic subspaces^° in (this is the case originally considered by Berkovits in [1]). Here 5 is the 
semisimple Lie algebra of type D5. Using the standard notations of Bourbaki (see [5]) as above, we 
can write 

2£< = 8ei + 6e2 + 4e3 + 2e4 
and Y = G/P, where P has 2 = 4 ei + 2 £2 - 2 £4 - 4 £5 . This gives 

"^{q- ep) = 4: (£1 + £2 + £3 + £4 + £5) • 

The HW-orbit embedding corresponding to A = ^5 = (£1 + £2 + • • • + £5) /2 

Y^F{G-v^,)(ZFiV^,), 

is subcanonical with N = 8. More generally, for any m the variety of 2m-dimensional pure spinors 
GT^^{m, 2m) has subcanonical HW-embedding into P(Vx) with A = (£1 + £2 + • • • + £m) /2 ■ Indeed, 

2 £• = 2 (m - 1) £1 + 2 (m - 2) £2 + • • • + 2 Sm-i 

2 ^ip = (m - 1) £1 + (m - 3) £2 H (m - 1) £„ , 

and (1.2) holds with iV = 2 (m - 1). 

1.2. Cohomologies of line bundles. The computation of cohomologies of line bundles on X = 
G/P is reduced to the computation of cohomologies on the flag variety Y = G/B via G-equivariant 

projection Y — X . Namely, for each weight /v, G A^* we can consider the restriction (/v,)^, of 

the 1-dimcnsional P-modulc (fi) onto B, and form a line bundle [fijs = G x (/u)^, which is clearly 

B 

isomorphic to the pull back of [/j] along vr, i.e. 'k*Gx (m) = {lA b- Then, the Leray spectral 
sequence gives canonical isomorphisms 

H%X,&x{li))^H'i{Y,&Y{ti)B) 
for all q. By this reason in the rest of this section we replace P hy B, X hyY and write simply [/x] 
and (/x) instead of [/Lt]^, (/u)^- 



note that it coincides with the semisimple component for the complexification of the compact Lie group SU(3) x 
SU(2) X SU(1) 

^'^since Y does also parameterize the decomposable elements of the Clifford algebra (see [10]), it is often called the 
variety of 10- dimensional pure spinors 
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It is convenient to describe the representation of G in the space T{Y, Gy (ii)) in terms of its lowest 
vector. Namely, the lowest weight of T on T{Y, (/u)) is /U and a lowest weight vector is unique up 
to proportionality. Indeed, if we interpret the sections of Gy {n) as the functions 

G — ^ in) ~ C 

via (1.5) and (1.6), then for a lowest weight function / we have u' ■ f = f for all u' G U' (see 
notations on page 3). Hence, for any t £ T, b E B 

t ■ fiu'b) = fit-'u'b) = f{u"t-^b) = fit-'b) , 

where u" = t~^ut G U' fixes / and t~^b G B. On the other hand, all three pairs 

{t-^b, fit-^b) ) ~ ( e , /.(t-ifo) if{t-^b)) ) ~ ( e , /(e) ) 

represent the same point in the total space of the bundle ffy (jj,) = G x (//). Hence, 

f{t-'b) = ti{t-'b)-'f{e)=fx{t)f{b) 

(were we write fi{b) for the operator corresponding to 5 G i? in the representation (/u)). This means 
that t ■ f = fJ,{t)f over the open dense subset U'B C G and, moreover, / is uniquely defined there 
by its value /(e). So, the weight of / is /i and this weight subspace is 1-dimensional. 

1.2.1. The Borel-Weil-Bott theorem, being formulated in our notations, describes all G-modules 
HI {Y, Gy (jj,)) as irreducible representations presented by their lowest weights^^. Namely, given 
// G A™*, we consider its shift /j, + g', by the half sum all the negative roots. There are two 
possibilities: 

(1) jJi + q' lies in the interior part of some Weyl chamber C 

(2) IJL + q' belongs to a wall separating the Weyl chambers 

In the first case (a,// + q') ^ ^ Va G A and there exist a unique weight jJ in the lowest Weyl 
chamber Ciow and a unique element w of the Weyl group such that 

(1.9) ^^+Q' = w{ji' + q') 

(indeed, w has to be the symmetry that takes Ciow to C and then fi' is determined uniquely). In 
this case H'^iY, Gy (//)) / iff g equals the length^^ of w in the Weyl group. This non zero space is 
an irreducible G-module of the lowest weight /x'. 

In the second case /i + is orthogonal to some root a G A and the equation (1.9) is unsolvable 
in a sense that /Lt + ^' is not congruent to any weight in the interior part of Ciow modulo the Weyl 
group action. In this case Hi{Y, Gy {fi}) = for all q. 

For example, the above description of T(Y, (7y (^)) fits the Borel-Weil-Bott setup as the case 
when jj.' = ij,, w = e, q = 0. In particular, r{Y, Gy (/x)) 7^ iff /x lies in the lowest weights Weyl 
chamber Ciow 

Proposition 1.2.2. If X = G/P is a d- dimensional SHW-orbit with oox = Gx{—N), then all the 
non zero cohomologies H'^ {X, i^x{k)) are only 

H^{X,ffx{m)) and H'^ {X,ffx{-N - m)) , 

where in the both cases. 

Proof. Since A is a highest weight, —mX G Ciow lies in the lowest weights chamber for all m ^ 0. 
So, for all ^xim) = Gx {-mX) we have iJ° {X, ffx{m)) ^ and m {X, ^x(m)) = when g > 0. 
By the Serre duality, this implies 

(X, ffx{-N - m)) = (X, ^x(m))* ^ 

and vanishing of all i7« (X, &x{-N - m)) with q^d. 

^\h.e formulation most commonly used in the representation theory (see, for example, [21]) actually describes 
G-modules H'^{ff (/i)) in terms highest weights but the underlying homogeneous space is always taken to be G/B' , 
that is the lowest weight vector orbit 

■"^^here the length should be defined w. r. t. the reflections by the walls of the lowest chamber Ciow 
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To manage the remaining values m = 1, 2, . . . , (m — 1), let us note that in the Borel— Weil— Bott 
setup (see 1.2.1) the triviality of the representation 

H'^ {X, ^xi-N)) = (X, ffxT = C 
means that NX + g' = w{g') for some w from the Weyl group. So, all the weights 

(1.10) A + ^' , 2X + q' , ... , {N-1)X + q' 

are internal points of the segment / = {xA + £)'|0^x^A^} whose cndpoints arc g' and NX + g' = 
w{g'). The both endpoints have Euclidean length ||^'|| = {g', g'), which is the minimal length 
of the weights lying in the interior part of a Weyl chamber. By the convexity arguments, all the 
interior points of / lay strictly closer to the origin. So, the weights (1.10) can not be interior points 
of a chamber. Hence they are not congruent to the interior points of Ciow modulo the Weyl group 
action and we deal with the second case of the Borel- Weil-Bott theorem (in the sense of 1.2.1). 
Therefore, all the cohomologies i?^ {X, G {—mX)) do vanish for 1 ^ m ^ (iV — 1). □ 

1.3. Quadratic equations for X. In this section we write explicit quadratic equations generating 
the homogeneous ideal of the projectivization of an arbitrary highest weight vector orbit (1.1) (not 
necessary subcanonical) . Infinite dimensional versions of two propositions below were proved by 
Kac and Peterson in [23], [24]. Finite dimensional case goes back to Kostant (comp. with [28], [29]). 
For the convenience of readers we sketch here an easy finite dimensional proof. 
Let U{g) be the universal enveloping algebra of Q. Consider the Casimir element 

(1.11) n = J2aibi&u{0) , 

where Oj and bi form a pair of dual bases of g w. r. t. the Killing form. It does not depend on the 
choice of dual bases, lays in the center of U{q), and acts on each irreducible fl-module by a scalar 
operator: 

The constant c\ can be computed by the following formula (see, for example, [14]) 

(1.12) = (A + ^, A + ^)-(^, ^) = (A + 2^, A) , 

where is a half sum of all positive roots, and we use the scalar product on f)* induced by the 
Killing form. 

With the Casimir element (1.11) it is associated an operator ^2 acting on a tensor product V'<SiV" 
of any two g-modules V', V" by the rule 

(1.13) ^iiv' ® v") = J2 ^ bi{v") , 

which clearly does not depend on the choice of dual bases a^, bi for g. The actions of Q and ^2 are 
related by the formula 

(1.14) n{v' (g) v") = n{v') + 2 n2{v' ® v") + v'® n{v") 

Applying this formula to ® ^hw € Vx (8) Vx, which is the highest vector of weight 2A, we get 

= (4( A + , A ) - 2 ( A + 2^ , A )) • «) -fhw = 2 (A, A) • ?^hw • 

At the same time the formula (1.14) shows that 0,2 does commute with g-action, because the Casimir 
element O does. We conclude that for any x e G ■ ■Uhw C V\ 

(1.15) 0(x x) = C2\ ■ X X = 4{X + g , X) ■ X X , 

(1.16) Cl2{xiSix) = {X, X) ■ xi^ix . 

Proposition 1.3.1. The following four statements about x eVx are pairwise equivalent: 

(1) X £G ■ -Uhw ; 

(2) X X lays in the irreducible component V2X C Vx(SiV\ ; 

(3) Q{x iSi x) = 4{X + g, X) ■ X iSi X ; 

(4) ^2(3; i^ix) = {X, X) ■ xi^ix . 
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Proof. Wc have seen already that (1) (2) (3) (4). The imphcation (3) (1) follows 
from the next more precise statement. □ 

Proposition 1.3.2. The quadratic equations (1.15) generate the homogeneous ideal of the projective 
variety X = P(G • Vhy,) C ¥{V). 

Proof. As a g-module, the whole coordinate algebra of P(Vx) is isomorphic to S'(y^) ~ S'(y^), 
where fi = — li'max(A) is the highest weight of and tt^max is the maximal length element in the 
Weyl group. It is easy to check (comp. with [14]) that its q-th. homogeneous component 5"^V^ splits 
as 

(1.17) S'^V^ = Vq^ (Bin- Cq^U) ■ S^V^ , 

because the highest weight qfi appears in S'^Vf^ with the multiplicity one and the eigenvalues of 
on the irreducible submodules V^, C S'^V^ with v < qij, are strictly less than Cq^. Let us write 

Jq = {n- Cq^ld) ■ S^V^ 

for the right summand in (1.17), which collects all irreducible submodules with u < qjj,. Since 
all the weights of S^V^ • Jq C S^+^V^ are strictly less then (p + g)/x, it is clear that 

J — (B Jq 
1 

is a homogeneous ideal in S'V^. We would like to check that J is generated by J2. 
The key point is that for any u G we have 

(1.18) [n - CqM W = ^^^^ - C2Mld] (v^) ■ V^-^ . 
Indeed, using the Leibnitz rule and the relation (1.14), we get 

n{v'i) = q ■ n{v) ■ v'l-^ + q{q - 1) ■ U-iiv^) ■ v'^''^ = 

= q-Ci,-v'^ + ii^-lll . [n{v^) - 2 • n{v) ■ v) ■ yi-^ = 

= {-q^ + 2q) ■c^-v<i + . J^(„2) . ^,-2 _ 

This reduces (1.18) to the purely numerical identity 

[q - 2q) c^ + Cq^ = C21, , 

which is verified by straightforward computation using (1.12). 

Since the powers v'^ span S'^V^ as a linear space, the identity (1.18) says actually that the ideal 
J is generated by its quadratic component 

J2 = {n- C2^id) • s^v^ . 

Taking into account the equality C2X = C2^, we see that these quadratic equations coincide with 
(1.15) as well as with ones mentioned in the condition (3) of the previous proposition. 

Now, rewriting the decomposition (1.17) as S'^V^ = Vq^ ® Jq , we see immediately that any g- 
invaxiant ideal I ^ J should contain the irreducible submodule Vqfj, for all S> 0, i. e. should be 
of finite codimcnsion in S'{V^) as a vector space. This means that J = \fj coincides with the 
homogeneous ideal of the projective variety Y C P(Va) defined by the quadratic equations (1.15). 
Moreover, this means that Y does not contain proper g-invariant closed algebraic subsets. Since any 
G-orbit of minimal dimension inside F \ X would be such a subset, we conclude that Y = X. □ 
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2. SyZYGIES OF THE PROJECTIVE COORDINATE ALGEBRA 

The content of this section was influenced by our discussions with M. Movshev. We streamhne and 

clarify arguments used in [35], [32] and construct the Frobenius algebra structure on the syzygies of 
an arbitrary projective variety X C ¥(y) satisfying the following three properties 

(1) X is smooth^^; 

(2) for m G Z the cohomologies H'{X, ^xim)) = 0, if ? 7^ 0, d = dimX ; 

(3) X is subcanonical, i. e. ujx = ^x{—N) for some A?" G N . 

As we have seen in §1, these conditions hold for the SHW-orbits (l-l). So, the syzygy space of any 
SHW-orbit always carries a Frobenius algebra structure. 

2.1. Coordinate algebra of a projective variety. By the definition, the coordinate algebra of 
a projective variety X C Pn = ^iy) is the graded algebra 

(2.1) A= ® H^{X, Gxirn)) = S/J , 

where S = ® S^V* is the symmetric algebra of V* (the homogeneous coordinate algebra of P(F)) 

m^O 

and J={/G5|/|x = 0}is the homogeneous ideal of X. 

In terms of generators and relations, such an algebra A is described by its minimal free resolution 

(2.2) • • • ►Fa ► Fi ► Fo ^ A ► , 

which is an exact sequence of graded free S'-modules of the form 

(2.3) Fp= ® Rp,q(^S[-q\, 

where Rp^q are finite dimensional vector spaces of p-f,h order syzygies of degree q for A and we write 
rup for the minimal degree appearing among the order p syzygies. We will call p the homological 
degree and q — the internal degree. 

The minimality of the resolution (2.2) means that all homogenous components of all matrix ele- 
ments of each its differential arc polynomials of strictly positive degree, i. e. for any p the differential 
Fp Fp_i takes each syzygy submodulc Rp^q'E> S[—q] into © Rp^i^i,fS> Sl—u]. Thus, the tensor 

u^q — l 

multiplication by the trivial S-module C annihilates all the differentials in a minimal free resolution 
(2.2) and we get for each p an isomorphism of graded vector spaces 

(2.4) Rp'^^^ ® Rp^q = Tor:^ {A, C) . 

In particular, the dimensions dim Rp^q do non depend on the choice of a minimal resolution. 

Example 2.1.1 (the HW-orbits). li X = G/P is embedded into F{V) as the highest vector orbit 
(1.1), then its ideal J = (Q) is generated by the quadratic equations (1.15), which form a linear 
subspace 

Q c S^V* c S . 

Thus, the resolution (2.2) starts with Fq = S, i.e. mo = 0, i?o = -Ro,o = C. Then, Fi = Q © S[-2], 
i. e. mi = 2 and Ri = Ri^2 = Q- Further, it follows from the minimality that mp ^ p + 1 for all 

Note that the group G acts naturally on the coordinate algebra A and on the Tor-spaces, thus 
on the syzygies. During the proof of the proposition 1.3.2 we have seen that Q C S'^V* collects all 
the irreducible direct summands of S'^V* except for Va^^, where jj, is the highest weight of V*. This 
gives an effective way to compute at least the starting term of minimal resolution. 

Say, for the Pliicker embedding Gr(2, 5) ~ P(G • Vu,^) C P(K;2) = ^9) which corresponds to 
X = UJ2 = [0,1,0,0] in the notations of 1.1.3, we have /i = = [0,0,1,0], thus 2 fi = [0,0,2,0], 
and S'^V* = V[o_o,2,o] ® ^[0,0,0,1] (this is immediate from dimS^C^'^ = 55). Hence, Q = V[o_o,o,i] 
dimQ = 5. 



in fact, all results of this section (and their proofs) hold for any locally complete intersection varieties (see [19], 
[12] for details); all we need is well defined invertible dualizing sheaf uJx 
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Similarly, for the variety of 10-dimcnsional pure spinors Gr^^(5, 10) (see example 1.1.5) wc have 
/i = A = cjs , dimFx = 16 , dimS''^y* = 136, but dim = 126. This implies Q = V^^ , dimK.)^ = 
10. Note that in the both cases, Gr(2, 5) C Pg and Grj^jj(5, 10) C P15, the quadratic equations Q 
form an irreducible G-module. 

2.2. DGA resolution for the algebra of syzygies. The syzygies Rp^q can be computed using 
the standard Koszul resolution for the trivial S-module C 

(2.5) ••• Ko^C -0 

that has Kp = A^V* S[—p] and the differential (Ik = M" ® which takes 

(2.6) u;^f^Y,^^Xi-f, 

where 'doj'&i, . . . ,'dn is a basis in V* considered inside the exterior algebra AV* and xo,xi, . . . ,Xn 
is the same basis of V* but considered inside the symmetric algebra SV*. The derivation d/d'di 
takes^'^ 

i?7 = i — > {-If'^^i^i , when i = V G I , 

and annihilates all -dj with J ^ i. 

Tensoring the Koszul resolution (2.5) hy A over S, we get a complex 

(2.7) A"+ V* ® A[-n - 1] — • • • — AV* ® ^[-2] — V* ® A[-l] — A , 

c c c 

whose differential is given by the same formula (2.6) considered modulo the quadratic relations 
(Q) C S. The p-th homology group of (2.7) coincides with 

Toi^{A,C) = Rp 

from (2.4). The Koszul complex (2.7) can be considered from two different viewpoints. First of all, 
taking the direct sum of its elements, we get a DG-algebra 

(2.8) ^ = ® £/p, j2/p = APV* ® A[-p] , 

p^O c 

whose multiplication is induced by exterior and symmetric multiplication of the tensor factors: 

(a; ® /) • (r? ® 5) = (-l)l^ll^l(a; A r?) ® {fg) , 

where we write |a;| G Z/2Z for the parity of x induced by the internal degree of x. It satisfies 
a ■b = (— 1)I"H^I 6 • a for homogeneous"*^^ a G =!2^a|, b G and agrees with the differential (2.6): 

d{a-b) = (5a) -6 + (-1)1"! a - (56) . 

This implies that the syzygies R = ® Rp = H{j^) also inherit an associative algebra structure. 

p 

We are going to show that this structure is graded Probenius, i.e. there is a non degenerated 
scalar product 

R^R "^"^^"'"^ . C 
C 

such that {a,b • c) = (a • b,c) and (a, 6) = ±(6, a), where the sign rule depends on the parity of 
codimX (see page 13). This scalar product can be written as (a, b) = tr (a • 6), where 

(2.9) tr : R °-(^>»)=(".^) , c 

is some natural trace form that comes from well known geometric construction, which will be 
described in the next section using another viewpoint on the Koszul complex (2.7). 



■""^note that grassmann partial derivatives skew commute g|- g|- = — g|- g|- and satisfy the graded Leibnitz rule 



g|-(c^i A 0J2) = (gf-wi) A0J2 + (-1)1-^1^1 A (gl-wa) 

■"^^here and further we write |a;| = p for the degree of a homogeneous element xSJ^p 
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Namely, let us fix some isomorphism^^ A'^'^^V C, which performs to identify (A^V)* with 

f^n+i-py yjg^ j^Qj^ degenerated pairing 

(2.10) APV^A^'+^-Py -"'-'1^^-'' . A"+i V C . 

Further, we identify iY*) with [A^V)* via non degenerated pairing induced by lifting {V*) 
into iy*)®P , A^V into and taking the complete contraction^'^. It is easy to see that under this 
identification the Koszul complex (2.7) turns to the complex 

(2.11) ^ A\-n-l]^V®A[-n]^ A^V®A\-n + l]^ ■■■ 

c c 



^ A"- V ® A[-2] — A^'V A[-l] — A"+ V A , 

c c c 

whose components also form an associative graded superalgebra^^ 

= © APy (E)A[p-n-l] 

p c 

w. r.t. the multiplication induced by exterior multiplication in AV and the usual one in A. The 
differential d sends a homogeneous element a € to p Idy • a, where Idy e V (E)V* is considered as 
an element of F (8) ^[— n] C and the multiplication is taken inside Note that d is no longer 
compatible with the multiplication. However the interpretation (2.11) reveals projective geometrical 
meaning of d. 

2.3. Euler-Dolbeault bicomplex. There is canonical Euler exact triple of coherent sheaves on 

— . ^ y ^ ^pji) — — . , 

which describes the tangent sheaf T = Tp^ over any point p G F as the factor space V/C - p. The 
exterior powers of this triple 

. Am-lj. ^ j^my ^ ^p^(^) . A^J^ , Q 

are naturally organized into a long exact sequence of locally free -modules 
(2.12) -1/®^p„(l) -AV®^p„(2) ••• 

1 n—l 



■ ■ ■ A"-V £?p„(n - 1) A'^V <S> ^P„(n) ^p„(n + 1) 

whose maps are given by the left multiplication by Idy = ^i^l Xi, where i?! G F form the dual 
base to i?i G V* but Xi G V* are considered now as global sections of ^(1), and 'the multiphcation' 
means exterior multiplication in the first factor and tensor multiplication in the second one. Hence, 
twisting by ^w^{k — n—l) and using the identification A^V ~ A."'~^^~pV* described above, we can 
rewrite (2.12) as 

(2.13) . ^p^(A;-n-l) — A"F*®^P„(A;-n) — ••• 



A^V* ® ^p„(A; -2)^V*® ^p„(A; - 1) ^ ^p„(A;) , 



where the differential A^V* ffp (k-p) >- A^* ^V* ffp (k-p + l) is given by the same formula 

(2.6). 



^^recall that dim V = n + 1 and P„ = ¥{V) 

^^in terms of dual bases t?* €: V, 'fii € V* , the full contraction between i?j and 'fij equals 5ij ■ ^, where p is the 
degree of the monomials 

^^in a physical cant the exchange ^ j^' is known as 'odd Fourier transform' 
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Since X is smooth, restricting (2.13) onto X we get the following exact sequence of locally free 
coherent sheaves on X: 

(2.14) &x{k - n - 1) K^V* ® &x{k - n) • • • 

• • • AV* (g) ffx{k - 2) V* ® &x{k - 1) &x{k) . 

Note that the Koszul complex (2.7) is a direct sum of complexes obtained from (2.14) by applying 
the global sections functor T{X, *). 

Now consider the flabby Dolbcault 9-resolutions^^ for all coherent sheaves in (2.14). They are 
organized in the exact bicomplex of flabby sheaves of abelian groups on X: 



KPV* (8) n\^^\k -p)^ Af- V* ® ^\^+\k -p + l) 



(2.15) 



a 



d 



APv* n^'/ik - p) KP-'v* ® ^r£{k -p + i) 



Writing £p in the (— p, g)-cell of the second coordinate quadrant of {p, g)-planc, wc get a diagram 
bounded by inequalities —n — 1 ^ —p ^ 0, ^ q ^ d, where d = dimX. It has the following obvious 
properties: 

(1) All the rows of (2.15) are exact and acyclic w. r. t. the functor T{X, * ). In particular, taking 
the global sections in (2.15), we get a bicomplex r(X, S'p), with exact rows, whose associated 
total complex is exact. 

(2) For each p the p-ih column of (2.15) gives a flabby resolution for the coherent sheaf APV* ^ 
ff{k — p). So, applying r{X, *) to p-ih. column of (2.15), we get a complex whose q-ih. 
cohomology group equals A^V* (g) Hi{X, ffx{k — p))- 

Hence, there is a spectral scqTicnce that converges to the zero cohomologies of the total complex 
associated with T(X,<op) and it has 

(2.16) E-P''' = Hi{r{X,^^) ,d) = APV* (^H%X,ffxik-p)) . 

Now, if X satisfles the condition (2) formulated on page 9, then 

H''{X,^x{k-p)) = forg/0,d. 

Therefore all non zero terms of the spectral sequence (2.16) will be situated only in two horizontal 
rows: q = and q = d = dimX. 

Proposition 2.3.1. Under the assumptions (1-3) on page 9 for each A; G Z and any ^ p ^ n + 1 
there is an isomorphism 



(2.17) 



"^P • ^n-d-p,n-N+l-k 



provided by the differential in Ed-term of spectral sequence (2.16). 

Proof. The bottom row g = 0, of (2.16), coincides with the internal degree k homogeneous slice of 
the Koszul resolution (2.7): 

AV* Ak-9. V* (g) A 







c 



c 



c 



Ak 



. 



^^We use the Dolbeault complex just by tradition. In fact, any natural flabby right resolution S'p of complex (2.14) 
would be OK for the forthcoming computation. Say, the usage of the canonical Godemant resolution could make the 
computation even more transparent and works for non smooth locally complete intersection varieties as well. 
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Hence, the bottom row in the £^2-term consists of the following syzygies: 

For the upper row q = d in (2.16) we claim that it is dual to the complex 
An-N+l-k V* ® A^_N-k A^y* ® A^_N-k-l ■ ■ ■ 



c c 

••• ^ A^+^v*^A_N-k- 0, 

c 

because of H'^{X,ffx{k - v)) ^ H^{X,^x{v - k - N))* by the Serre duality^^ and ApV* ~ 
^ji^n+i-py*y yjg^ ^jjg ^^g^i version of pairing (2.10). So, the top row in E2 is filled by the spaces 
dual to the following syzygies: 

E2 ^''^ = Tor 5''''^ ^(A,C)*_jv+i_fc = Rn+l-p,n-N+l-k ■ 

The differentials in the consequent terms of this spectral sequence will be non trivial only in E^. 
Therefore, to get the zero limit, the E'ji-diffcrential should map (—p — d — l,d)-cell isomorphically 
onto (— p, 0)-cell providing isomorphism (2.17). □ 

Corollary 2.3.2. // the ideal of X is generated by some linear space of quadrics Q C S'^{V*), then 
non zero syzygies Rp^k caiT' appear only for the following values p, k: 

• p = 0, k = or p = n — d, k = n — N + 1, where i?o,o = C c± n-N+i > 

• p = 1, k = 2 or p = n — d — \, k = n — N — 1, where 

Ri,2 = Q - R*i-d-ij,-N-i ' 

• 2 ^ p ^n - d - 2 and p + l^k^p + d- N, where Rp^k — Rn-d-p,n-N+i-k ■ 
Proof. Indeed the syzygies = automatically vanish in the following four cases: 

1) p<0 or p> n + l 2) p = and A; 7^ 

3) p = l and k^2 4) 2^p^n + l and k^p 

Applying this to the right hand side of (2.17) we see that Rp^k = a-lso for p > n — d or p < d— 1, for 
p = n — d and kj^n — N + l,foip = n — d— 1 and k n — N — 1, and finally, for2^p^ra — d — 2 
and k ^ p + d- N - 1. □ 

Example 2.3.3 (continuation of 1.1.3, 1.1.5, and 2.1.1). For the grassmannian Gr(2,5) C Pg we 
have n = 9, d = 6, AT = 5. Thus, by the above corollary, 

Rl^ ~ i2o,o = C , i?^,3 ~ i?i,2 = Q ~ 

and all the other syzygies vanish. For 10-dimensional pure spinors Grj^^(5, 10) C P15 we have n = 15, 
d = 10, iV = 8. The previous corollary implies that 

Rls ~ i2o,o = C , Rle ~ Ri,2 = Q 

and all other syzygies of orders 0, 1, 4, 5 vanish. The precise computation of R2 — R^ requires more 
sophisticated computational analysis of the Spin(10, C)-module R. It was made, e. g. in [9], [11], 
[35]. 

2.4. Scalar product and trace on R. Let us define the trace functional (2.9) as a linear form on R 
that annihilates all Rp^k except for Rn^fi,n-N+i and sends Rn-d,n-N+i to Rq q = C via isomorphisms 
Tq^ inverse to tq defined in 2.3.1. This form provides the syzygy algebra R with a scalar product 

(2.18) {a,b)=tT{a-b) 

which satisfies the property (a ■ b,c) = {a,b ■ c) = tr (a • 6 • c), because R is associative. 

Since for a G Rp^k, b G Rn-d-p,n-N+i-k we have a ■ b = (—1 )*'("■"''"?') 6 • a, the scalar product 
(2.18) is purely symmetric, if codimp^X = {n — d) is odd. If codimp^X is even, then (2.18) is even 



20 



here we use the condition (3) on page 9 : cjx = &x{—N) 
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supersymmetric, that is symmetric, when the both arguments are even, and skew-symmetric, when 
the both arguments are odd. 

Proposition 2.4.1. The scalar product (2.18) is non degenerate, and VaGi? 

To^ia) = (a,*) 

as the linear forms on R. 

Proof. There is a natural scalar product on Ei-teim of the spectral sequence (2.16) induced by the 
multiplication and the trace form provided by the Serre duality. It takes 

APW* ® (^x(mi)) X APW* ® H'^ (^^(^2)) 

(2.19) 

A"+V* (g) H'^ {^x{-N)) ~ C 

for P1+P2 = {n + 1) and mi + m2 = —N (all the other components of Ei are mutually orthogonal). 
Clearly, it is non degenerated. We extend the isomorphism from the bottom row of (2.19) to a linear 

map El » C , which annihilates all the components of Ei except A^'^^V* (8) H"^ {^x{—Af)), and 

define the scalar product on Ei by prescription 

(2.20) (a, 6)1 = Tr {ab) . 

Since di satisfies di{ab) = {dia) b+ (—1)1"! a (dib) and imdi is annihilated by Tr , this scalar product 
interacts with di by the rule 

(2.21) {dia , 6)1 = TV ((dia) b) = {-Ip+^Tr (a {d^b)) = (-l)l«l+i (a , d^b), . 

Let us show that this scalar product induces well defined non degenerate pairing on the co- 
homologies H{Ei,di) = E2 = R and that this pairing coincides with (2.18) and produces the 
duality maps (2.17). We can fix some vector space decomposition (compatible with the p-grading 
on El): El = Z QiW = diW ® C ®W such that di takes W isomorphically onto diW = im (di), 
Z = diW © C = ker((ii), and C E2 consists of representatives for the cohomology classes. It 
follows from (2.21) that Z C (diW)'^. Hence, the scalar product of cohomology classes is well 
defined, and for each p the pairing 



X diWn-p C 



Wp n {diwy 

induced by (2.20) is non degenerate^^. Let 

Wp = dime Wp = dime diWp , 

w'p = dimc(Wp/{Wp n {diW)^)^ . 

Then Wp = Wn-p for each p and evident inequalities w'p ^ Wp = w'^_p ^ Wn-p = w'p imply that 
w'p = Wp for all p. So, W n {diW)^ = 0, that is {diW)^ = Z and Z^ = {diW). This implies 
n C = 0, which means that (2.20) gives a non degenerate pairing on C. 
Now write a; G AP''^^V* H*^ {^x{—N)) for the basic element being sent to 1 by the isomorphism 
from the bottom row of (2.19). For any a € £'2^ '^ there exists some h G -£^2 ^~ such that 
Tr (aft) = 1. Then ab = a; in Rn-d.n-N+i- Since in E'ji-term dE^{a) = 0, we have 1 = dE^{^^) = 
dE^{ab) = {—1)P adE^^b) . Therefore ti {a dE^{b)) = 1, which means that for any a & R the linear 
form tr (a • *) is non zero and coincides with Tj~^(a). □ 



2^note that diW^-p C {diW)^^^_^ 
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3. COHOMOLOGY OF THE DUAL GRADED LlE SUPERALGEBRA 

We are going to compare an algebra of syzygies for an arbitrary commutative graded quadratic 
Koszul algebra A and an algebra of cohomologies of a graded Lie superalgebra L Koszul dual to A 
in the sense of Ginzburg and Kapranov [17]. Namely, in 3.6 we identify the syzygies of A with the 
cohomologies of Lie subalgebra L^2 C L and give alternative description for the algebra structure 
on the syzygies. 

By quite deep theorem of R. Bczrukavnikov (sec [3]) the projective coordinate algebra of any 
highest weight orbit X = G/P (not necessary subcanonical) is Koszul. Thus our results can be 
applied to the syzygies of the highest weight vector orbits. 

Certainly, the coincidence of two algebra structures on the space of syzygies (one constructed 
in §2 and another we will construct in this section) could be extracted from the general bar-cobar 
equivalence staff^^. But in our situation this will be clearly apparent, fortunately, and we will check 
it 'by hands'. We begin with recallment of some standard resolutions and the experts could jump 
directly to 3.4.1. 

3.1. Dual quadratic algebra. Recall that a quadratic algebra^^ generated by a vector space V* 
is an associative algebra A of the form 

A = T{V*)/{I) , 

where T(l/*) is the tensor algebra of a vector space V* and (/) C ¥(!/*) is a double side ideal 
spanned by a vector subspace I C V* V* , of homogeneous quadratic relations. Well known 
Priddy's construction (see [16, p. 108], [37]) attaches to any such an algebra A the dual quadratic 
algebra A'- generated by the dual space V with the orthogonal relation ideal 

A' = nv)/{i^) , 

where J-*- C F (8) is the annihilator of /. Clearly, A-- = A. 

A projective coordinate algebra A = (B H^iX, iff{m)) of any variety X C F{V) whose ideal is 

m^O 

generated by quadratic equations {q"^} C S'^V* fits into this framework as 

A = S'{V*)/{Q) = T{V*)/{C + Q) , 

where C = Skew(y* (g) V*) ~ A'^V* consists of commutativity relations and Q C Sym(y* (g) V*) is 
the linear span of symmetric bilinear forms q'^, polarizing the quadratic equations for X. In this 
case the Priddy dual algebra 

a'- = T{V)/{Q^ n Sym(y V)) 
can be tautologically treated as universal enveloping algebra for graded Lie superalgebra^^ 

(3.1) L= e Lm = ^ieiV)/iAnn{Q)) , 

which is a factor of free graded Lie s-algebra generated by V (taken with odd parity) through graded 
Lie ideal generated by Ann (Q) C Sym{V y) , i. e. by 

{ vi (g) V2 + V2 fS) vi \ q{vi,V2) = VqeQ} . 

Thus, Li = V, L2 = S^V/Ann (Q) ~ Q* , etc. 

In terms of coordinates, if we fix some dual bases {vi}, {x*} for V, V* and {q"}, {zi,} for Q, Q*, 
then we can describe L as graded Lie s-algcbra generated by Li with elements Vi of parity 1 as a 
basis for L\i elements Zi, as a basis for L2, and Lie s-brackets given by 

(3.2) [vi, Vj] = ^ q'^ivi, Vj) ■z^, = ^ a^jZ^ , 

V V 

where a^^- is the matrix of (f in the basis v^, i. e. (f ^'Y^ a\^x^xK 
^^see [25], [26, sec. 4] for the most comprehensive approach 

^•^recall that in this paper we restrict ourself by C-algebras only; but in this section the reader can everywhere 

replace C by an arbitrary field of zero characteristic 
94 

this is the simplest motivating example for much more wide Koszul duality between graded Com and Lie operads, 
see [17] 
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3.2. Bar construction. Recall that for any graded associative C-algebra B with unity and augu- 
mentation B — ^ C, there is the bar-complex of free graded left -B-modules 

(3.3) • • • — B Q ^ [^^2] ^ ^ ^ ^ Q ^ 

where the tensor products are taken over C and the S-linear differential is defined on the free 
generators by prescription 

(3.4) 5(1 (g) [6i (g) 62 <8) • • • <8) bm]) = 61 (8) [62 O • • • <8) bm]+ 

m—l 

+ l(^Yl (bibi+i) (^■■■^bm]- 

i=l 

It is clearly contracted onto C by the homotopy taking 

(3.5) 60 (g) [61 (8) • • • (8) 6^] HH- 1 (g) [60 (8) 61 (g) • • • (g) 6,„] 

and gives the standard free resolution for the trivial i?-module C in the category of graded left 
S-modules. The space of free generators T'^{B) carries the natural coalgebra structure dual to the 
tensor multiplication 

T%B) ^ . r{B) ® T^{B) 

m 

[61 (g • • • (g 6^] ^[bi ® • • • ® 6i] (g [bi+i (g • • • (g 6^] 

i=0 

(where [] =^ 1) and the bar differential is a coderivation w. r.t. this coproduct, i.e. satisfies^^ 

(l®a + a(gl)oA = AoS. 
Thus, Ext^(C,C) can be described as the cohomology algebra of the DG algebra 

(3.6) RouiBiB (^T%B),C) = Homc(T^(-B), C) =T{B*) 

whose multiplication is the standard tensor multiplication^^ and the differential is dual to (3.4), i.e. 
takes 1 to zero, acts on degree 1 generators P e B* as 

d* l3{biM) = I3{bib2) , 

and is extended onto the whole of T{B*) by the Leibnitz rule. We call (3.6) the cobar complex of 
B. It is naturally bigraded. In what follows we always call the degree w. r.t. the natural grading in 
the tensor algebra as the (co) homological degree in a contrast with the internal degree, which equals 
the total sum of degrees of all tensor factors w. r.t. the internal grading of B. 



applying a homogeneous operator monomial /i ® /2 ® • • • dS" /m to a homogeneous vector monomial ® ® • • • ® 
we always assume the Koszul sign agreements: /i(8)/2(S5- • ■(^fmivi^Vi'^- ■ -^Vm) = (— l)^-/i(wi)®/2(f2)<8)- • ■®fm.{vm) , 
where e = \fm\ ■ {\vi\ + ■■■ + \v^-i\) + \fm-i\ ■ + ■ ■ ■ + |«m-2|) + • ■ • + I/2I • 
^^it is instructive to see how docs it agree with the classic Yoneda product 

Ext|(C,C)8)Extg(C,C) f^^^foi, ^ Exts+'"(C,C) 

defined by obvious extending of ip € B®"**, (p s B®'^* to the -B-linear homomorphisms 

ip, i) : S®T=(S) >■ C , 

then lifting tj) to some degree m homomorphism of free resolutions B (gi T°(B) ^' > B (gi ^^(B), and taking the 

composition B^B®'" ^ l^B®* — ^ C ; clearly, ^. = (l^V) o A gives precisely the required 

lifting of 1I) to the morphism of bar resolutions and leads to the Yoneda product tp o(p = {ijj igi (p) o A, which coincides 
with the tensor product of multilinear forms 
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3.3. Koszulity. Let B = A- = T{V)/{I^) be the dual quadratic algebra for A = T{V*)/{I). There 
is the Koszul complex of graded left B-modules 

(3.7) KB = {B^A*,d^) 

whose differential comes from the right B (g) A-module^^ structure on B <^ A* given by the right 
multiplication in B and dual to the left multiplication in A. Namely, it is easy to see that the 
Casimir element 

Idv G Endc(V^) = V(^V* = Bi(^AiCB(^A 

has the zero square in B ^ A. By the definition, is given by the right action of Idy on B A*. 
In 'low level' notations, if Vi, Xj are dual bases for V and V*, then 

o?k(6(8) a) = '^{b ■ Vi) (g) (aoXi) , 

where aoXi = (^A e A* . For example, if 

B = A{V) = T(y)/Sym(y ® V) , 
A = S{V*) = T(y*)/Skew(l^* ® V*) 

are the ordinary exterior and symmetric algebras, then 

KsiV) = (^SiV)0A{V), 

is the Koszul complex (2.5) but with V instead of V*. 

There is canonical morphism of the differential graded S-modules 

(3.8) Kb = B^A* -J^L^ b ® T%B) 

induced by the coalgebra morphism A* — ^— ^ ¥^^(1/) = T^{Bi) C T'^(B) dual to the structure 
morphism of algebras T{V*) — A = T{V*)/{I). It is well known and not difficult to check (see 
[36], [37]) that the following conditions on B are pairwise equivalent: 

(1) the Koszul complex Kb gives a free graded left S-module resolution for C , i. e. the mapping 
(3.8) is a quasiisomorphism; 

(2) A~ExtJj(C,C); 

(3) Ext^-'(C, C) = for z 7^ j, where Ext*'-' means the internal degree j graded component of 
i-th derived functor Ext* ; 

(4) for each m ^ 3 the subspaces = V®"" ® ® l/®("^-^-2) c 1/®"* (where O^u ^{m-2)) 
form a distributive lattice^^ in F®*" . 

Quadratic algebras satisfying this conditions are called Koszul algebras. Of course, B is Koszul iff 
A = B' is Koszul, and one can exchange B and A in the above properties. Since HomB(*, C) 
kills the Koszul differential, applying this functor to (3.8) we get DGA homomorphism from A, 
considered as DG algebra with the zero differential, to the cobar complex (3.6) 

(3.9) {T{B*),d*) , 

which is a quasiisomorphism as soon as A, B are Koszul. Thus, each Koszul algebra A is canonically 
identified with the algebra ExtB(C, C) via (3.9). 



2^the algebra structure on B (g) A is given by (oi &i) • (a2 ® 62) = (— 1)'"^"'''^' (aia2) (8) (&162), where |a;| means the 
internal degree of x modulo 2 

^^recall that this means the coincidences Wa n {Wfi + W-,) = Wa n W/i + Wa n W-, and Wa + {Wp n VK-y) = 
{Woe + Wj3) n {Wa + W^) for all a, /3, 7 or, equivalently, the existence of a basis E = {ti} C F®™ for l/®"* such that 
Va Wa n S is a basis for Wa 
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3.4. Chevalley complex. For a commutative Koszul algebra A = S{V*)/{Q) the quaisiisomor- 
phism (3.9) means the natural identification of A with the Lie algebra cohomology 

A~Ext^(^)(C,C)^=^'iJ-(L,C), 

which can be computed using another reduction of the bar complex for B = U{L) known as Cheval- 
ley 's complex. Let us write A'^{L) for the graded s-exterior coalgebra, which is dual to the tensor 
algebra of L* factorized through the relations u <^ v + (— (g) u. It can be considered as the 
sub-coalgebra of T^{B) via the s-alternation embedding 

(3.10) ei A 62 A • • • A ^ ^ s-sgn(cr) e^(i) A 60.(2) A • • • A e^(^rn) 

where s-sign takes proper account of the internal degree of the permuted elements. One can check 
(see [4, §3 ex.21], [8, ch.XIII, ex.14]) that the bar differential on T^(S) takes the subcoalgebra ^"{1) 
to itself and the resulting subcomplex^^ 

(3.11) ••• B^A^L^ B^A'^L^ B^L^ B -0 

gives the free graded left B module resolution for C as well. We call it the Chevalley resolution and 
denote by £ or C(L) when the precise reference to L is important. 

Practical handling of (3.11) becomes more demonstrative with an alternative Lie theoretic inter- 
pretation of C Namely, let us write L for another copy of the vector superspace L but with the 
inverse parity and the trivial abelian s-Lie structure. Then we can write £^ = A"^{L) = S"^(L) 
(because of the parity change) and treat 

£ = B ® A"*(L) = B^ S"*(L) = U{L 1) 

as the universal enveloping algebra of an abelian extension L©L that contains L as a Lie subalgebra, 
L as an abelian ideal, and has Lie brackets defined by prescriptions^^ 

[x,y] = [x,y]L , [x,y]=0, 

(3.12) _ _ I I 

[x,y] = [x,y]L , [y,x] = (-l)i^i[y,x]^ 

for all x,y e L. Thus, in new s-symmetric notations, <Lrn consists of degree m s-symmetric monomials 

(3.13) b ■ 6162 ■ ■ ■ Sm , where b e B = U (L) = ^0 , ei e L . 

They also can be embedded into T'^(L) via s-symmetrization identical with (3.10). 

To get an alternative description for the Chevalley differential (3.11), let us define for a moment 

a new differential^^ £ £ as the odd right s-algcbra dcrivation^^ whose action on the generating 

vector space L L is given by by the same rule as the bar differential 

(3.14) d{x)=0, d{x)=x VxeL . 

It is clear that d preserves the enveloping algebra relations and automatically satisfies the right 
Leibnitz rule w. r.t. supercommutators: 

di[a,b]) = [a,dib)] + {-lf\[dia),b]. 

Its action on the generators (3.13) looks like 

(3.15) (6162 • • • 6^) = ^±6j-ei em+ ^ ± [e,, e^-j ei • • • , 



^'^whose differential do is the restricted bar differential 

"^'^of course, the last two formulas, describing the action of L on L, are equivalent, because of [y, x] 

01 

we will see soon that it coincides with dc 
"^^i. e. satisfying the right Leibnitz rule d{ab) = ad{b) + (— l)''''d(o)6 
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where the precise sign calculation is quite cumbersome, but it is not so important for our purposcs'^^. 
Note that the coalgebra structure on the bar complex agrees with the standard coalgebra structure 
on the universal enveloping algebra, which is given on generators ^ G L © L by the usual rule 

(3.16) A(^) = 1 + 1 , 

and is extended onto the whole of C as a homomorphism of graded algebras 

where the algebra structure £ (g) £ is given by {a^b)-{c(S)d) = (-l)l''ll'=l(a-c)(8)(6-d) . The differential 

c 

d agrees with the coalgebra structure (3.16), i.e. satisfies^^ 

(3.17) Aod= (l(8)d + d(8) l)oA . 

We conclude that d = dc on £ C T{B). In particular, this gives the 'low level' description for (3.11) 
via (3.15). 

Thus, we can compute ExtB(C, C) as the cohomologies of the complex 

{C'{L),d) =Homij(e:(L), C) = Homc(A(L),C) = (A(L*),4) , 

which carries the natural DG algebra structure whose multiplication is induced by the multiplication 
in the s-exterior algebra and the differential is induced by (3.15). Let us finalize this preliminary 
discussion as 

Proposition 3.4.1. Let A be an arbitrary commutative Koszul quadratic algebra, B = A^' = U{L) 
be its dual algebra treated as the universal enveloping algebra for a graded Lie s-algebra L. Then A, 
considered as DG algebra with the zero differential, admits canonical isomorphism 

(3.18) Ao^ H {C'{L),d) 

with the cohomology algebra of DG algebra {C',d'^), which has C™ = A"'L* = S"^L* , the differential 
d* : C"* C'^+i is acting as 

(3.19) d*i/j{eie2 • • • e^) = ^ ±^Jj{[ei,ej]ei • • • e^) , 

and the multiplication in C is given by the shuffle produc^^ 

(3.20) [(poll)] (6162 • • • Ck+m) = ^±ip{ei^ei., ■ ■ ■ e^J • ipiej^ej.^ ■ ■ ■ ejj . 

The isomorphism (3.18) takes the internal graded component Ai to the i-th internal degree compo- 
nent of the i-th cohomology space. It comes from the quasiisomorphism (3.9) and quasiisomorphic 
embedding (3.10) of Chevalley's resolution (3.11) into bar resolution (3.3). 

3.5. Differential perturbation lemma. The proof of the main results of the next sect. 3.6 will be 
based on the lemma influenced by A. Loscv's talks on 'enhanced spectral sequences', which is a slight 
variation on the simplest, degree one, case of the homotopy structure transferring in Kadcashvili's 
type of thing^^. 

Let (E , d : E ► E , = 0) be an arbitrary differential 5-module over an arbitrary ring S. 

Assume we are given with the diagram of ^-modules and >S'-linear homomorphisms 

(3.21) E T^— - H 



"^•^for example, to see that = 0, it is enough to mention that d, being an odd right derivation, forces the 
commutator [d, d] = 2d^ to be the right derivation of £ as well; now = follows from (3.14) 

■^^indeed, since A is an algebra homomorphism and both d, (l(g)d + d®l) arc the right derivations, the both sides 
of (3.17) are right derivations of £ with values in C (g) by (3.14) and (3.16) they coincide on the generating vector 
space L S) L 

"^^the summation in (3.20) goes over all / = {ii < 12 < • • • < ik}, J = {ji < < • • • < jm} such that 
7U J = {1, 2, ... , (m + fc)} 

"^^comp. with [7]; see also [31] for similar explicit ^00-formulas most closed to our framework 
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together with S'-lineax homotopy E ^ > E that satisfy the following properties: 

(3.22) A^i = 1 , gX = l + dx + xd, 

(3.23) = = Ad = d£i = Ax = x£i = 

(this means that H can be included into E as the retract of d capturing all its homology). We intend 

to show that under this assumptions and appropriate 'convergency condition' any perturbation 
D = d + 6 (even not necessary commuting with d) induces some non trivial differential d on H and 
a perturbation {X' , g' , of the diagram (3.21) and the homotopy x, such that A', g' remain to 
be the inverse homotopy equivalences between the complexes {E,D) and (H,d). The convergency 
condition in question is the existence of x', £a, £g € Ends{E) defined by the following series 

x' =^ X + x(5x + kSxSk + kSkSxSx + • • • = x(l + £\) = (1 + £p)x , 

Note that these operators are well defined, for example, if Sx G F,nds{E) is locally nilpotent^^. 
Lemma 3.5.1. Under the assumptions (3.21)-(3.23), let 

D = d + 5 : E E , = , 

be another S-linear differential on E. If the operators (3.24) are well defined then the perturbed 
operators X' =^ X{1 + ex) , g' ='^(1 + eg)g satisfy the conditions 

(1) A'^' = Uh , g'X' = IAe + Dx' + x'D ; 

(2) d = X'Dg = X'5g = g'DX = g'6X is actually the same operator on H ; 

(3) = , i. e. d provides H with the differential; 

A' 

(4) dX' = X'D and g'd = Dg' , i. e. {E, D) ^ ^ {H, d) are morphisms of complexes providing 

q' 

the inverse to each other homotopy equivalences. 
Proof. It follows from (3.23) that £xg = Xe^ = e\£g = 0. This implies 

A'^' = A(l + £a)(1 + ee)Q = Xg = Idg , 

which is the first relation in (1). The conditions d^ = and = {d + S)^ = imply that 
= —dS — Sd . Using this relation and (3.24), we get 

= >^(1 + £a)'^^(1 + £e)^ = 

(3.25) = -x(l + ex)dS{l + £g)x - x(l + ex)Sd{l + £g)x = 

= —x'dex — egdx" . 

Now, to compute g'X', we substitute ^A = 1 + (ix+ xd and write the result as a sum of three terms 

(3.26) g'X' = (1 + eg)gX{l + ex) = (1 + eg){l + dx + xd)(l + ex) = 

= (1 + £g)(l + ex) + (1 + £^)dx(l + £a) + (1 + £e)xd(l + £a) , 
then expand these summands using (3.25) and (3.24) : 

(1 + £p)(l + £a) = 1 + £g + £a + SgEx = 1 + (5x' + x'S — egdx' — x' dex , 
(1 + £e)dx(l + £a) = (1 + £e)dx' = dx' + £gdx' , 
(1 + £g)xd(l + £a) = x'd(l + £a) = x'd + x'd£A . 
Adding up the right sides, we get the homotopy relation required in (1) 

^'A' = 1 + (5x' + x'5 + dx' + x'd = 1 + Dx' + x'D . 
Since we have AD = A(5, Dg = Sg, exS = Seg , (2) follows 

X'Dg = X'6g = A(l + ex)6g = XS{1 + eg)g = XSg' = XDg' . 



37: 



i.e. Ve€S 3 m = m(e) e N : ((5x)'"e = 
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The commutation relations (4) also follow from \D = XS , Dg = Sg using (1) 

dX' = XDg'X! = XD{1 + Dx' + x'D) = A(l + Sh')D = X'D , 
g'd = g'X'Dg = (1 + Dx' + x'D)Dg = D{1 + x'S)g = Dg' . 
Finally, dd = XDg'd = XD^g' = gives (3). □ 
3.6. Chevalley's complex as )S(V*)-module. Consider graded Lie ideal 

L^2= e LmCL 

and denote by (C*(L^2), c?c ^) its Chevalley complex. The s-exterior algebra of L splits as the graded 
algebra into the tensor product 

(3.27) C'{L) = A(L*>2 e LI) = A{L*>^) ® A(L*) = C'{L^2) ® S 

^ ^ c c 

where^^ S = S{V*) = A(L^) is the projective coordinate algebra of F{V). The both sides of (3.27) 
carry the natural structure of right S'-modules^^ coming from the algebra inclusion 

S{V*) = A{Ll) ^-^ A(L*) 

and the isomorphism (3.27) is clearly S'-linear. Moreover, the Chevalley differential (3.19), acting 
on the left side, is also 5-linear because of dc(-^i) = 0. The right side of (3.27) carries the intrinsic 
S'-linear differential 



(3.28) d = d, 



^2 

c 



induced by the Chevalley differential for the Lie s-algebra L^2- We transfer it to the left side 
preserving the notation d for it. Then on the left side we have 

(3.29) dc = d + 6 

where d acts on the subalgebra A(L^2) by the same formula (3.19) and annihilates all the monomials 

containing L*-factors, and 5 is the difference, which is automatically S'-linear as well. We are in a 
position to apply the differential perturbation lemma of 3.5.1. 

Theorem 3.6.1. Let A be commutative Koszul quadratic algebra, 

B = A' = U{L) 

be its dual, treated as the universal enveloping algebra of the graded Lie s-algebra L (see 3.1). Then 
for each p ^ 1 and any q there exists an isomorphism 

(3.30) Rp^g{A)c^H'i-P{L^2,C)g 

between q-th internal degree components of p-th syzygy space of A (see (2.4)) and (q — p)-th coho- 
mology space of L^2- 

Proof. Let us split C'{L^2) as the vector space over C into a direct sum of bigraded subspaces 

(3.31) C'{L^2) = HeleP 

where I = imdc^ and H ® I = kerdc^. Thus H ~ H'{L^2) and d takes P isomorphically onto / 
and annihilates H ® I. Write x for the operator 

(3.32) HeieP HeieP 

that annihilates H ® A and acts on / as — c?~^ : / P. We write 

(3.33) C'{L^2) =^ H 



''^recall that Li = V has internal degree 1, thus, its s-extorior algebra is nothing but the ordinary symmetric algebra 
since S is a commutative algebra, it does not matter from what side does it act from, but we use the right action 
to outline that it commutes with the left S-action on the cobar complex 
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for the embedding and the projection associated with the direct sum decomposition (3.31). So, 
our X, A, Q satisfy the relations (3.22), (3.23). Tensoring (3.33) by S and combining it with the 
S'-module isomorphism (3.27), we get the diagram of 5-modules 

(3.34) {C\L),dc{L)) ^ H'{L^2) ® S , 

Q C 

and the S-hnear map C'{L) C'{L) that satisfy the relations (3.22), (3.23) as weU. Further, 

the composition (5x, where 6 comes from the decomposition (3.19) , is locally a nilpotent operator, 
because it is clear from (3.19) that Sd~^ preserves the homological degree and strictly decreases the 
difference between the total internal degree and degree induced by the homological grading coming 
from C*(L^2)- Thus, the differential perturbation lemma from 3.5.1 provides H'{L^2) with the 
differential 

(3.35) d = \oI"^{6h)- \ og 

such that {H'{L^2) <^ S,d) becomes a complex of free graded S'-modules homotopy equivalent to 
the Chevalley complex {C*{L),dc{L)). Since the latter is quasiisomorphic to A as a DG S'-module, 
we can compute 

Rp = Tor^(A,C) 

as p-th cohomology of the complex obtained by tensoring (if*(L^2) ® S,d) by C over S. Because 
the differential (3.35) strictly increases the internal S'-module degree, it will be annihilated by this 
tensoring and we get the required isomorphism (3.30). □ 

3.6.2. Coincidence of two algebra structures on the syzygies. In §2 we have equipped the space of 
syzygies by an algebra structure induced by the Koszul DGA resolution (2.8) for A. On the other 
side, the Lie algebra cohomology H'{L^2) also has an algebra structure induced by the Chevalley's 
DGA resolution. So, the both sides of (3.30) come with the intrinsic algebra structures. In fact this 
two structures do coincide. 

Theorem 3.6.3. The isomorphism R ~ H'{L-^2) constructed in the previous theorem is an iso- 
morphism of algebras. 

Proof. We have to compare Chevalley's DG algebra C*(L^2) with the DG algebra 

(3.36) j2/ = A®Ks, 

s 

where Ks = S'{V*) ^A'{V*) is the Koszul complex (2.5), which is the Koszul resolution for C as 

c 

the left module over S = S{V*). To this aim consider 

(3.37) E = C'(L)0Ks = C'(L)(^AiV*) 

s c 

equipped with the differential D = dc^l + IiXx^k, where d^ is the Koszul differential (2.6). This 

s s 

DG algebra has the compatible structure of right DG module over DG algebra Ks- The S- module 
isomorphism (3.27) extends obviously to the isomorphism of right ii'5-modules 

(3.38) C {L)®Ks = E ~ E' = C (L^a) ® Ks ■ 

s c 

The right side has the intrinsic S"- linear differential d = d^ <Si 1 + 1 <Si d^, which can be transferred 
to E. Thus, we get two decompositions for D into a sum 

(3.39) D = dc(Sil + l(SidK = d + 6 

S S 

We are going to compute the algebra structure on the cohomology space H{E, D) using the spectral 
sequences associated with these two decompositions. 

The first decomposition D = dc(8)l + l(8)c?K has commuting summands, i. e. represents £^ as a 
double complex. Those spectral sequence that firstly computes the Koszul cohomology degenerates 
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in i?2-term. Its £^i-term is concentrated at the zero row and coincids with the Koszul resolution 
(3.36). Thus, H{E,D) ~ R and has the multiphcation induced from (3.36). 

The second decomposition D = d + 6 corresponds to the natural filtration on E coming from the 
Serre-Hochschild filtration of the pair (L, L^2) on C'{L), where q-th filtered component is dual to 
the C-linear span of all monomials (3.13) that contain ^ q generators G Li C L. It is clear from 
(3.19), (3.20) that this filtration is compatible with D and the product in E. Thus, we conclude that 
the algebra structure on H{E, D) coincides with the one induced from the DG algebra structure on 
the £^i-term of the spectral sequence for this filtration. 

Obviously this i?i-term is nothing but the right side of (3.38) with its natural algebra structure 
and differential d = ® 1 + 1 ® d^. To compute its homology we can use the fact that it, in 
its own turn, is the sum of two commuting differentials. Applying the same arguments as above, 
we conclude that the £'2-term is isomorphic to H'(L-^2) and has the algebra structure induced by 
the Chevalley DGA resolution for L^2- Now Theorem 3.6.1 implies that this spectral sequence also 
degenerates at £'2-term. We conclude that there is an algebra isomorphism H(E,D) ~ H'(L^2)- 
Thus R 2± H{E,D) ~ H'{L^2) and we can say that the multiplicative structures on R is induced 
from C"(L^2)- □ 

4. Some geometric examples 
4.1. Notation and preliminaries. In this section we use Theorem 3.6.1 to describe the syzygies 
(4.1) i?p,g(A) ~F^-f(L^2,C), 

of projective coordinate algebras of certain HW-orbits in P(y) by computing the cohomologies 
staying in the right hand side of (4.1). Recall (see 2.1.1) that the bigraded components (4.1) the 
syzygies of an HW-orbit are equipped with the natural action of GhiV). Our computations will use 
irreducible decompositions of (4.1) w. r.t. this action. 

4.1.1. Young diagram notations. We depict a partition'*'^ A = [Ai, A2, . . . , Afe] (where Ai ^ A2 ^ . . . ^ 
Afc) by Young diagram with k rows of lengths Ai, A2, • • • , A^ like 



(for A = [5, 3, 3,1]) 



and write A' = [A'^^, A2, . . . , A^] for the transposed diagram (say, for (4.2) we have A' = [4, 3, 3, 1, 1]). 
The total number of cells |A| = ^ Aj will be called o weight of the diagram. The shorted notation 
[^1^) Q^2 ■>■ ■ ■ ^ ^n"] means the Young diagram that has Sj rows of length Qi (in (4.2) A = [5, 3^, 1]). 
Also we will use the Probenius notation and write 

(4.3) (Q;i,a2, . . . , | /32, • • • ,/5p) 

for the Young diagram A whose main diagonal consists of p cells and Aj = + i , A^ = /3j + i for each 
i = 1, 2, . . . , p (in (4.2) A = (4, 1, | 3, 1, 0)). Note that in this notation ai > 0:2 > • • • > ^ 
and /?i > /32 > • • • > /?p ^ 0. 

4.1.2. Irreducible GL-modules. With any Young diagram A = [Ai, A2, . . . , A^] is associated an irre- 
ducible GLjfc(C)-module Tr\ of the highest weight 

Ai£i + A2£2 + • • • + Afe£fe 

which is simultaneously the irreducible SLjfc(C) C GLjfc(C) - module of highest weight 

(Ai - A2) ai + (A2 - A3) Q!2 H h (Ajk_i - Ajfc) ak-i 

(where aj = — e^+i are the simple roots as in 1.1.3). Recall that ttx can be constructed by 
factorizing the space 

(4.4) A^ =^A^'iy (g) A^2y(g) ••• (g)A^-F 

^'^our notations for the Young tableaux and associated symmetric functions agree with [13], [30] where the reader 
can find all the formulas we will use below to express the symmetric polynomials through each other 



(4.2) 
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(where V = is the tautological GLfe-modulc and the exterior powers are the lengths of columns 
of A) through the column exchange relations"^^ . Such a relation can be written for any choice of the 
following data: 

• a filling T of the Young diagram A by n = |A| vectors vi,V2, ■ ■ ■ ,Vn G V 

• a number i of a column in A 

• a collection / of cells in the next (i + l)-th column 

Taking an exterior product of the vectors along each column of A and tensoring these products 
together, we get an element v'^ G A*^; then the column exchange relation, which corresponds to 
T,i,I says that in ttx 



(4.5) v^=y: 



where a nms through the pernuitations of Viy's providing order preserving exchanges between I- 
cells and all collections of cells in the previous i-th column^^. For example, an exchange relation 
corresponding to a filled diagram and the only possible choice i = I, I = {2} says that V vi,V2,V3 
in 7r(2^i) we have 

{vi A V2) <8) f3 = {vs A V2) ^vi + {vi A ■U3) (g) V2 , 

which is nothing but the Jacobi relation ^2]) "^3] + [[i'2) ■J^3]5 '^i] + [[^3; I'l]) ^2] = ■ 

If we write ei, 62, . . . , for the standard basis inV = C^, then the standard basis for ttx is formed 
by classes of elements G obtained from fillings T of A by vectors ej such that the indexes 
of ej weakly increase across each row and strictly increase down each column, i. e. form a Young 
tableau T of the shape A on the alphabet [1 . . A;]. With any such a tableau T one can associate a 
monomial .x^ = x™^ .x™^ . . . .x™''' , where rrii is number of occurrences of i in T. Then the character 
of the irreducible GL^-module ttx is the Schur polynomial 



sx{xi,X2,...,Xk) = 

T 

where the sum is running over all Young tableaux. For example, a filling 



2 5 



of the diagram (4.2) is a valid tableau for GL5 and contributes monomial x'^X2x|x4a;| into S[5, 3,3,1] : 
this monomial computes the eigenvalue of the standard basic vector coming from 

= (ei A 63 A e4 A 65) (ei A 63 A 64) (g) (ei A 64 A 65) (8) 62 (8) 65 . 

4.1.3. Euler's GL- characters. Since the category of GL-modules is semisimple, each term of any 
GL-equivariant complex K' splits as 

AeAi, 

where Ai, is the set of highest weights of all irreducible representations appearing in K'^ (counted 
with multiplicities). We call the alternated sum 

(4.6) xi..'=^B-irE^A 

the Euler GL-character of K'. Clearly, XK* = Xh(K')i where H{K') is considered as a complex 
with zero differentials. Similarly, one can define the Euler GL-characters for graded GL-equivariant 
commutative and Lie s-algebras. A powerful tool for comparing these characters is provided by the 
following version of the Koszul duality. 



"^^see [13] 

^^if #7 = m there are totally (^) such permutations 
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4.1.4. Quillen's duality. In discussion before Proposition 3.4.1 we associated the Chevalley complex 
C*(o) with any Lie s-algebra a. It can be treated as commutative s-algebra A*(a*[— 1]) equipped 

with the differential whose action on generators is dual to the bracket A^a a. This construction 

provides a functor from the category of Lie s-algebras to one of commutative DG-algebras. 

On the other side, with any commutative s-algebra A one can associate in a similar way the 
Harrison complex Jif'{A), which is a free Lie s-algebra ^ie*{A*[—l\) equipped with the differential 

whose action on generators is dual to the multiplication S^A A. Thus, we get a functor acting 

in the opposite direction. 

Applying to these functors the general result proven in [17, th. 4.2.5] for any pair of Koszul dual 
operads, we get 

Lemma 4.1.5. Two functors described above are homotopy inverse to each other, i. e. for any pro- 
nilpotent Lie s-algebra a and any s- commutative algebra A there exist natural quasi-isomorphisms 

C'{J^'{A)) A, j^'{C'{a)) a. □ 

Corollary 4.1.6. Let a be a pro-nilpotent graded Lie s-algebra equipped with GL^-action preserving 
the graded Lie s-algebra structure. Then the Euler GL^- characters of a and H = H'{a, C) are related 
by 

(4.7) Xi/ = ^(-l)"e„oXa, 

(4.8) Xa = (- 5] l^{m) ln(l - (-1)>„.)) oxh , 

where ji is the Mobius function, e„ are the elem,entary symmetric polynomials, Pm are Newton's 
sums of powers, and o means the plethysm of symmetric functions. 

Proof. It is well known that GL-character of K^{V) equals e„ (see [30]) and GL-character of ^ie^{V) 

n 

equals ^ J2d\n l^i^)Pd (^^^ P^]). The signs in (4.7) and (4.8) come from the grading shift. □ 

4.1.7. Free Lie algebras. If a = J/fie{W) be a free Lie (graded, s-) algebra generated by a vector 
space W, then its universal enveloping algebra U{a) is a free associative algebra generated by W 
and the trivial U (o)-module C admits a short free resolution 

(4.9) U{a) ® W U{a) C . 

For any subalgebra b C an isomorphism of b-modules U{a) ~ C/(b) S{a/h) shows that (4.9) is 
a free resolution for C in the category of C/(b)-modules as well. It is well known that pro-nilpotent 
Lie algebra b is free iff //*(b,C) = for i > 1. In particular, applying Hom[/((,)(* )C) to the short 
resolution (4.9), we get 

Lemma 4.1.8. A subalgebra of any free Lie (super) algebra is free. □ 

4.2. The most singular case. To begin with, consider the commutative quadratic algebra with 
the maximal possible space of quadratic relations, i. e. 

A = S{V)/{S^V) . 

Its Koszul dual Lie s-algebra is the free graded Lie algebra L = ^ie (y[—l]) generated by the vector 
space V situated in degree 1. The existence of resolution (4.9) (written for a = L) and criteria from 
sect. 3.3 imply that L and A are Koszul. By Lemma 4.1.8 the Lie subalgebra L^2 C L is free as 
well. This implies that the syzygies (4.1) vanish for {q — p) > 1. Thus, non trivial syzygies are 
described by 

Proposition 4.2.1. For A = S{V)/S^{V) the component Rp (j,^i^ of syzygies (4.1) is the irreducible 
GL(y)-module Trp^ip-ij. All the other syzygies vanish. 
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Proof. In this case the Koszul complex (2.7) takes extremely simple form and can be written as 
the tensor product K' = {C®V) <S) A'{V[-1]). Thus, its Euler GL(F)-character has the following 
expression in terms of the elementary symmetric polynomials 

(4.10) XK' = (1 + ei) -^(-1)' ek = l + ^(-1)' (eie^ - e^+i) . 

By the Probenius character formula^^, the latter multiplier of degree {k + 1) coincides with the 
irreducible GL(y)-character 

,eo ei J 

of the irreducible GL-module [2, l'^~^]. Since for each q > there is only one non zero component 
Rp^q and it has p = q — 1, we conclude that [2, 1*^"^] = Rk,{k+i)- D 

4.3. Syzygies of the Veronese curve. The Veronese embedding takes 

= p([/) r . p(5nc/) = p^ . 

In appropriate coordinates on ¥{S^U) it sends {uq : ui) G Pi to 

{xQ-.xi: ... ■.Xn) = (n^ : «o~^^i ■ ■ ■■■ ^ ) • 

The image is described by the quadratic equations XiXj = x^Xm (for all possible choices of j, fc, 
m with i + j = + m), so, we get the quadratic algebra 

A = C[a;o, . . . , Xn]/ {xiXj - XkXm \i + j = k + m) . 

In the dual coordinates on V* = S'^U* the relations for the Koszul dual Lie s-algebra take a form 

(4.11) [x\ x^] = , where A; = 0, 1, . . . , 2n . 

i+j=k 

Let us order the generators in the following non-standard way 

x° > > x"-~^ > ■ ■ ■ > x^ . 

This ordering induces the filtration on L. Since the leading Lie monomial of k-th relation in (4.11) 
is [x^,x^] for ^ n and is for k ^ n, associated with this filtration graded Lie algebra L' is 

isomorphic to the direct sum of the abelian Lie algebra generated by ar°, and the free Lie algebra 
^ie{W), where W is the linear span of remaining (n — 1) variables x^, . . . , x^"'~^\ Since the abelian 
part makes no contribution in the Chevalley complex for L^2, we have C'{L^2) = C' {^J^ie{W)^2) 
and can repeat word for word the computations of the previous section taking W instead of V . 

Corollary 4.3.1. The only non zero syzygies of the Veronese curve in P„ are Rp,p+i = tt^^ip-i] 

TOf/i^^ dim = p ■ {^i^) . ' n 

4.4. Syzygies of the grassmannian Gr(2,iV). This computation generalizes the examples 
1.1.3, 2.3.3. The Pliicker embedding 



(4. 12) Gr(2, V) — ¥{G ■ v^,^) C P(K 



^^2 > 



realizes the grassmannian as the SHW-orbit of G = SL(A^, C) with the index (1.2) equal to A''. 
Moreover, the natural action of GLjv(C) on P(K)2) preserves the grassmannian and is kept on the 
syzygies as well. Write W = V*^ for dual to the standard V-dimensional representation of GLjv. 
It follows from Propositions 1.3.1 and 1.3.2 that the projective coordinate algebra of the Pliicker 
embedding (4.12) has the following GLjv-module decomposition: 



oo 



(4.13) A = S\k'W)/{K''W) = ® TT^kM 



^■^see, for example, [30, ch. 1.3, formula (3.5)] 

'^'^we consider -Rp,p+i as GL(W^)-modules and apply the hook length formula (see [12], [30]) 
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Our computation of the syzygics of A will be organized as follows. In section 4.5 we compute the 
Euler GL-character of the Koszul complex 

(4.14) K' = A* {{A'^W)[-1]) «) A . 

Then, in section 4.6, wc completely describe the generators of L^2j i-e. compute H^{L-^2jC)- It 
turns out that these generators form a graded GL-module^^ 

2^^^®y_2j^({9-2) I (9+1)) ^i*^ ^((9-2) | (9+1)) = "^9-1,9 = H\L^2, C)q . 

Moreover, we will show that '!^((q^-i)^...^(qp-i)\(qi+2),...,{qp+2)) appears with multiplicity one in the 

syzygy space 

This allows to guess the shape of answer and forces to introduce a bigraded skew commutative 
GLjv-equivariant s-algebra 

A = © Ap^q , where 
p>g 

^P^1 = ^, 7r((i^-2),...,fe-2)|(ii+l),...,(ip+l)) • 

iiH \-ip=q 

We define A as a skew commutative s-algebra generated by the graded vector space 

(4.16) A, = eA,„ where A,, = ' ^or2^,^iN-2), 

9 10, otherwise 

By the definition, the multiplication map Ai^^^ ® ■ ■ ■ Ai,qp " \,{qi-\ i-9p) is given by the 

projection onto irreducible component 

(4.17) T^{{qi-2),...,{qp-2) \ (gi+l),...,(qp+l)) ^ TT^q^_2\q, + l) • • • 7r(g^_2|gp+l) , 

if qi > ■ ■ ■ > Qp, and vanishes when some of q^s coincide. Since the component (4.17) has the 
multiplicity one, the corresponding projection is unique up to proportionality and we actually get 
well defined associative algebra A with the components (4.15). This algebra gives a particular 
example of GL-equivariant hook algebra. 

General properties of hook algebras will be discussed systematically in the next §5. In particular, 
in section 5.1.2 we show that A is quadratic and Koszul. 

Using this result, we show in section 4.7 below that a Lie s-algebra L, Koszul dual to A, is 
isomorphic to L^2- This implies the coincidence A = H{L, C) = H{L^2, C) = R. 

Theorem 4.4.1. The syzygies of the Grassmannian Gi(2,N) form a bigraded skew commutative 
Frobenius quadratic Koszul algebra isomorphic to the algebra A defined in (4. 15) -(4.17); 

^,9 ~ ^q-p,q ■ 

4.5. Koszul complex. Euler's GL-character of K* = A' ((A^l^)[-1]) (g) ^ is 

(4.18) XK' = XA'(a^w[-i]) ■ (iZ^bJl) = {^i~'^)''^k°e2^ ■ (^h] - hj+ihj-i^ , 

j k j 

where are the complete symmetric functions, o denotes the plethysm of symmetric functions, and 



by the Frobenius character formula"^^. The right hand side of (4.18) has the following expansion in 
terms of Schur polynomials: 

Lemma 4.5.1. Xk = (-l)''^'"^'''^((n-i),...,(ip-i) I («+2),...,(ip+2)) • 
(Ar-3)^n>->ip>0 



■^^we are using here the Frobenius notations (4.3) 
^^see [13] or [30, ch. 1.3, formula (3.4)] 
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Proof. We start from the generalized Littlewood formula established in [20, Th. 4.4, eq. (2)]: 



(4.19) 



|ii,...,ip) 



n^ii>--->ip^O / J I ' — 1 j ' — 1 

„ det I X, ^ - X, 2 



where the Weyl determinant ^c{n) the denominator can be expressed as 

'^Cin){xi,X2,. . . ,Xn) = det (xj - X^^Y 

(4.20) 



n n 



i=l i=l i<j 



We take r = 3 and note that det [xi'^^ — ] staying in the numerator of (4.19) can be 



written as 



n 

(4.21) Ac(n) • n^«"' • (E^i-^i^^+O . 

i=l j 

Indeed, consider the (n + l)-th order Weyl determinant ^c{n+i){xij ■ ■ ■ j^u^q) as a Lourant poly- 
nomial in q and compute its coefficient at in two ways: by the straightforward expansion of the 
determinant in the middle of (4.20) and using triple product expansion from the last term of (4.20). 
In the first case we get 

(-l)-det (xi - x-A = (-l)-det (xf ^ - xr^-') 

In the second case we have 

n n n n 

n ^r'' Ili^^l 1) n(^^ - ^^^(l - XiXj)q-^-\q' - 1) Hix, - q){l - x^q) = 

i=l 1=1 i<j 1=1 

n n n 

= AcH • l[x-\—\q'-l) ■ (J2(-'^y^n-^(f) ■ (E(-1)V.<?^) , 
i=l i=0 i=0 

whose coefficient at q^ is (4.21) multiplied by (—1)". Now, substituting (4.21) in the numerator of 
(4.19), we get the identity 

n 

(4.22) n>•••>^p^o ^^^^^^ 

2 . " 



A;=0 j=0 



Since it holds for all n, we can consider (4.22) as an identity in the complete ring of symmetric 
functions (in the infinite set of variables) and apply to (4.22) the w-involution, which exchanges 
sx ^ sy, ek ^ hk- So, we get 



E (-ir"+-+^^^(n,...,i.|(n+3),...,feH-3)) = (E(-l)'«'^°«2) • {E^j-hHih,.,), 
p^O k j 

n>--->ip^O 

whose right hand side coincides with (4.18) □ 
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Corollary 4.5.2. For any decreasing sequence {N — 3) ^ ii > • • • > ip > the irreducible represen- 
tation 7r((j^_i)^,..^(jp_i) I (j^+2),...,(ip+2)) appears in the both GL ^ -modules 

A'^+-+'p{A'^W) (g) A^) c ^e^A'^ {A'^W) A 

with multiplicity one and comes down into Rp^q = i?^(i^^Qj,)(g) with q = p -\- ii -\- ■ ■ ■ -\- ip . 
Proof. Using the Weyl formula^^ we can write xk as 

(4.23) XA'(A2Ty[-i]) ■XA= Yl H(h-i),-,{ip-i) I ii,-,ip) ■ ^UJ] ■ 

The classical Littlewood-Richardson rule^*^ implies that | (j^+2),...,(ip+2)) (staying in 

Lemma 4.5.1) could appear in (4.23) only as the product • s^p^j . Thus, the 

irreducible component 7r((jj_i)_...,(j^_i) |(ij+2),..,(v+2)) comes into iJ*'(ii'^j.)(p+j^+...+jp) exactly from 
A'i+'"+'f (A^VF) (g) ^(p), where it sits with multiplicity 1. □ 

4.6. Dual Lie s-algebra. Let us fix some coordinates x^, . . . , on and write x^^ = A for 

the corresponding basis of Li = h?W* , which is the generating space for the graded Lie s-algebra L 
Koszul dual to A in the sense of 3.1. Since Sym^(A2l^*) ~ tt^ 2] ® T^lny it follows from (3.1), (3.2) 
that L2 = A^H^* and the relations for L have the form 

(4.24) [x^^,x^^] = x^^] = [x'^, x^^] . 

Let us write shortly L'^ = L^j {[L^2, L^2\ H -L„) = H^{L^2,C)^j^-j = Rn-i,n for the space of degree 
n generators in subalgebra L^2- 

Lemma 4.6.1. L'^ ~ '^*n-2\n+i) f^''" ^^^^ ^ range 2 ^ n < iV — 2. 

Proof. Induction on n. For n = 2 we have L2 = L2 = A'^W* generated by commutators (4.24). For 
n > 2 we have the surjective commutator map 

By the inductive assumption and the Littlewood-Richardson rule, the left hand side has the following 
irreducible GLjv-module decomposition 

(4.25) Tr^i2] 7r*„_3|„) - 7I"(*„_2,o|n,0) ® ^(n-2|n+l) ® ^(n-3,0|n,l) ® ^(n-3,0|n+l,0) ® ^(n-3|n+2) • 

The s-Jacobi identity implies that [a, [x'^^x*^^]] = [[a, x*-'], x'^^] + [[a, x'^^], x*-'] . Since the left hand 
side here vanishes in = (L^2/[-^>25 -^^2])(„) , the skew symmetrization operator taking 



Ycu[[au,x'-'^-'],x''-'^-'] I — '^Y^'' - [[au,x' 



acts on L'^ as the identity. On the other hand, it annihilates all the irreducible summands of (4.25) 
except for the second one, which definitely has to appear in = i?^(L^2) C)(„) = L'^ by the 

corollary 4.5.2. □ 

4.7. Proof of Theorem 4.4.1. Since A is (super) skew commutative and Koszul, its quadratic 
dual algebra B = U (L) is an universal enveloping algebra for some graded Lie s-algebra L such 
that H'{L,C) = A. It follows from Corollary 4.5.2 and Lemma 4.6.1 that there is a surjective 

homomorphism of associative algebras H'(L^2,C) A. Since 2-th Lie algebra cohomologies 

describe the relations, we conclude that the relations of L^2 contain the ones of L. Because the both 

algebras are generated by the same vector space, there is a surjective GL-module homomorphism 

1/) 

L L^2- It follows from Corollary 4.1.6 that XL>2 = XL^ i- c. the Euler GL-character of ker^p 

vanishes. This forces ker ip to have each irreducible GL-module equal number of times in its even 
and odd parts. But it is impossible, because the Young diagrams appearing in odd and even parts 



^'''comp. with [30, ch. 1.5, example 9(a) 



[13], [30] 
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of L have different number of cells modulo 4 (they consist of 4A; + 2 and Ak cells respectively). Thus, 
keitp = and theorem 4.4.1 is completely proven. 

5. Appendix: koszulity of hook algebras 
In this section we use the notations fixed in sec. 4.1. 

5.1. Hook algebras. We call F-shaped diagram F = (q;|/3) a hook of width a + 1 and hight /3 + 1. 

We say that two hooks Fi = (a;i|/3i), F2 = (a2|/32) are compatible and write Fi > F2, if their union 
Fi U F2 = (q!i, q;2|/?i/?2) is a valid Young diagram, i.e. has ai > 02 and /3i > 02- 
Let us fix an ordered collection of pairwise compatible hooks 

(5.1) Fi > F2 > • • • > F^ 

equipped with some internal parities |Fj| G Z/(2). We assume that the heights of all hooks are 
bounded by k and write TTj = Trr^ for the corresponding irreducible GL^-modules. For any increasing 
collection of indexes / = {ii,i2, ■ ■ ■ ,is) C [1 . . m] we denote by 

(5.2) Fj = Fi,,i2,...,i^ = Fi, U Fi2 U • • • U F^^ 

the Young diagram build from the corresponding hooks and write tt/ = irrj for the associated 
irreducible GL^-module. It follows from the Littlewood-Richardson rule that tt/ appears in the 
irreducible decomposition of tt^j (8) tt^j (8) • • • <8) tt^^ with multiplicity one. Thus, there is a canonical 
GLfc-equivariant projection 

(5.3) )LlJ : VTij (g) TTjj (g) • • • (g) TTi^ TT/ . 

Hence, GLfc-module A = © vr/ admits a GL^-equivariant associative algebra structure whose multi- 

plication satisfies the relations 

(1) X ■ y = (— l)l^il'l'"il y • X for any x E Wi, y & tTj and any choice oi i ^ j in the range [1 . . m]; 

(2) X ■ y = for any x,y E iTi and any choice of z € [1 . . m]; 

(3) xi ■ X2 Xg = iJLi{x\,X2-i . . . ,Xs) for any choice of strictly increasing indexes 

I = {ii,i2, ...,is)c[l..m\ 
and any collection of Xi^ G TTj^. 
In other words, A is s-commutative w. r. t. the internal parity, it is generated by Z/(2)-graded vector 

m 

space Ai = © Trr^, and all non zero multiplication maps in A are induced by projections (5.3). There 
1=1 

is also an external grading 

m 

A = © As , where A^ = © tttj , Aq = C . 

s=0 #I=s 

We call A a hook algebra associated with hooks (5.1) and write A(Fi, F2, . . . , F^), if the precise 
reference on the hooks is important. In sec. 5.2-5.2.2 we will prove 

Theorem 5.1.1. Any hook algebra A is quadratic and Koszul. 

Since the algebra A described in (4.16)-(4.15) is a hook algebra build from the hooks Fj = (z— l|z+2) , 

1 ^ i ^ {N — 3) of parities |Fj| = i (mod 2) , we get 

Corollary 5.1.2. The algebra A, used in sec. 4-4: is quadratic and Koszul. 

5.2. Proof of theorem 5.1.1. For each vTj = Trr^ we fix the standard basis labeled by the Young 
tableaux Tp. of shape Fj on the alphabet [1 . . /c] (see sec. 4.1.2). 

Let A be an algebra spanned by Ai and satisfying only the first two sets of the relations for A, i. e. 

A is s-commutative w. r. t. the internal parity and satisfies vTj • vTj = for all i. Thus, A is a quadratic 
monomial algebra, in particular, it is automatically Koszul^^. With respect to the GL/j-action, the 
graded components of A are decomposed as 

A5 = © TTj, (g) TTjj • • • (g> TTj^ 
#7=s 



'see [36] 
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where the sum runs over aU strictly increasing cohections / = {ii,i2, ■ ■ ■ ,is) C [l..m]. Tensor 

products of the standard basic vectors from VTj form a basis for A^. We call these products standard 
basic monomials. They are numbered by Young diagrams (5.2) filled by numbers from range [1 . . m] 
in such a way that each hook Fj^ C F/ is a valid Young tableau but the whole Tj may be not. Let 
us call these filled diagrams hooked tableaux or h-tableaux for shortness. 

We write xt G A for the standard basic monomial corresponding to an h-tableau T. Note that 
xs • XT = 0, if the underlying Young diagrams contain common hooks. Otherwise, xs ■ xt = ±xs-t, 
where S - T is build from S, T by rearranging their hooks in strictly decreasing order. Thus, xt do 
actually behave as monomials. 

The hook algebra can be presented as A = A/ J, where J = © Jj is a graded ideal whose compo- 

s 

nents split w. r. t. the GLjt-action as 

Js = © Ji , where Jj = ker ( tTj^ (g) tTjj <8) • • • <8) tTj^ - ttj ) . 

To show that A is quadratic Koszul algebra, we will equip the set of all standard basic monomials 
XT € A with a preorder =<! satisfying following two PBW-type^° conditions: 

(5.4) xs ^ XT xr.s ^ xr.t for any h-tableaux R, S, T; 

for any h-tableau T which is not a valid tableau there exist an element Ht € 
( J2 • A) n J/ (uniquely determined by T) such that 

(^■^) hT — XT = ^ C5X5 for some cs & ■ 

7(5)=7(T) 

The second condition implies that each basic monomial xt is congruent modulo the elements Ht 
to some monomial xt' whose h-tableau T' is a valid Young tableau. Since the images of the latter 
monomials form a basis for the vector space A = ©7r7 = A/J,we conclude that the elements Ht 

generate J as a vector space. Because hx lay in the ideal (J2) spanned by the quadratic component 
of J, we get J = (^2)- Thus, A is quadratic. 

Further, let J° be a monomial ideal spanned by the leading monomials of the elements from J. 
By the same reasons as above, J° is generated by all xt such that T is not a valid tableau. Now the 
same arguments as in [36, ch. 3] show that koszulity of the monomial quadratic algebra A° = A/J° 
implies the koszulity of A. 

Indeed, the multiplicative condition (5.4) implies that the preorder in question induces a filtration 
on the bar complex of the hook algebra A such that the associated graded complex is the bar complex 
of the Koszul algebra A°. Computing ExtA(C,C) via the spectral sequence associated with this 
filtration, we get ExtA" (C, C) as the first term of the sequence. It shows that Ext^-' (C, C) = for 
i ^ j (see details in [36, ch. 3]). 

Thus, to finish the proof of theorem 5.1.1, it remains to equip the set of h-tableaux with a preorder 
satisfying the PBW-properties (5.4)-(5.5). 

5.2.1. PBW-preorder on h-tableaux. Consider an h-tableau T whose Young diagram is the union of 
strictly decreasing hooks Fjj > Fjj > • • • > Fj^. For any G [1 • • fc], G [1 . . m] let x^il^i ^) be a 
number of times the element /x does appear in the r^-th hook Fj^ of T. For a fixed /x we consider the 
numbers X'^(/x, u) as the components of m-dimensional vector 

eJ=(x^(/^,l),X^(/x,2),...,x^(/x,m)) 

where x^il^^^) = when u > s. For example, if we deal with GL4-equivariant hook algebra built 
from m = 3 hooks, then 2-hooked tableau 
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see [36] for non-commutative version of the Poincare-Birkhof-Witt theory 
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produces four 3-component vectors 

Xr = (2,l,0) xl^ = (1,1,0) 
Xl^ = (1,2,0) xl = (2,0,0). 
Note that a diagram T is not uniquely defined by the collection of k vectors 

T / T T T\ 
X = (Xl ,X2 1 • • • >Xfe) • 

For example, collection (5.6) also comes from the h-tablcau 

r 

and some others. 

We will compare the vectors xji using inverse right lexicographic ordering, i. e. we say that 
(X^(l), X^(2), . . . , X^(rn)) < (x^(l), X^(2), • • • , X^("^)) , if 

(5.7) x^(/^ I'o) > X^ip. ^o) & V z> > I/O X'^(/", I') = X^(m, ^) ■ 

We say that 5 -< T, if (xf , xf i • • • > xf ) < (Xi"' xl"' • • • ' Xfc ) r. t. the inverse right lexicographic 
ordering, i.e. if x^ = X^ foi' A* > Mo and xj^o ^ ^^o ™ ^'^^ sense (5.7). By the definition, the 
condition S =4 T means either the strong inequality 5 -< T or the coincidence (xf ,X2 ' • • • iXf) = 

(xf,x^,---,xD- 

Thus, the relation =^ gives a preorder on the set of h-tableaux and two h-tableaux are equivalent 
w. r. t. this preorder iff their fillings differ by a permutation preserving the content of each hook. 
This preorder evidently satisfies the multiplicative condition (5.4). It remains to construct special 
elements hx satisfying the PBW-condition (5.5). 

5.2.2. PBW-basis for J. Consider an arbitrary hooked tableau T which is not a valid tableau. Let 
the Young diagram of T consist of hooks Fi > r2 > • • ■ > Fg. We take minimal i such that a hooked 
subtableau of T formed by Fj+i U Fj_|_2 U • • • U Fc,. is a valid tableau. Then a subtablcau D C T formed 
by Fj U Fj_|_i is not valid. This can happen by two reasons (we write 6p^q for an element staying in 
p-th row and q-ih. column of D): 

(A) 3 k ^ 2 : (5fc_2 < <^fc,i, the wrong inequality appears in some row of D (but not in the 

first); 

(B) condition (A) fails but 3 i,k ^ 2 : 6i^£ ^ 5^^^, i. e. all rows of D are valid and a wrong 
inequality appears in some column (but not in the first). 

We will construct hx separately for each case. However, in the both cases we construct Ht as an 
element of the space 

(5.8) TTi (g) • • • (g) TTj-i (g) Ji,i+i (g TTi+2 <g " • • <g TTg , where 

TTFi <g) 7rr,+i — ► vrr,uri+i 1 C J2 . 

It follows from the Littlewood-Richardson rule that the representation ttt, which is the target of 
the multiplication map (5.3), comes with multiplicity one in the space tti (g) • • • (g) TTi-i (g) TTr^uFi+i ® 
TTi+2 ■ ■ ■ (Jy vTs , i. e. the multiplication (5.3) is factorized through this space and we can canonically 
include (5.8) into Jg- Further, we will present hx as = ±^5 • Hd ■ xr, where S and R are formed 
by hooks Ti, with < i and v > i + \ respectively, D = Fj U Fj+i C T is the subdiagram formed by 
i-th and {i + l)-th consequent hooks, and ho lies in Jj^j+i from (5.9). 

Starting from this moment, we restrict ourself by this subdiagram D. Let its shape be 5 = 
(Q;i,a2|/3i,/?2), i-e. D = ViU F2, where Fi = (ai|/3i), F2 = (a2|/32)- Consider the diagrams: 

F'l = (0|/3i) (i. e. the first column of Fi) , 

ri = (ai-l|0)=Fi\F'i, 

r2 = (ai-l,a2-l|/32 + l,0) =riUF2 
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(i. e. we split the first hook Fi = r[ U Ti into tlic first column and remaining part of the row 
and form r2 by putting this row on top of r2). Recall that we write A'^ for the tensor product of 
exterior powers A^»y corresponding to the columns of a given Young diagram A (see (4.4)). The 
factorization through the column exchange relations — ttd can be considered as hauling down 
through the diagram 




A^'i (g) A^i ®A^^ 



(5.10) 



A'^i (g) A^2 




where ttfi <8)7rr2 " tt^) is the multiplication map, e stays for particular factorizations through the 

column exchange relations, the map a : A^^ A^^ (g) A'"^ is the alternation in columns of and 

the maps 



TV-- 



r2 



TT-- 



a : TT - 



Ti — "i'l ' ^7 • "T'j ^ "r2 ~ 

are canonical projections onto and an inclusion of an irreducible submodule of multiplicity one. 
Indeed, it follows from the Littlewood-Richardson rule that TTp^ has multiplicity one in the product 
TTp^ (g) TTpa and TTpi has multiplicity one in the product tt^/ (g) TTp^. Similarly, ttd has multiplicity one 

in the product A^^'i (g TTp (g ttfj and this implies that the bottom rhombus of the diagram (5.10) is 
commutative up to multiplication by non zero scalar factor. A straightforward computation (but 
quite improper for typesetting and too long for being reproduced here) shows that the composition 



>->- TT- 



r2 



A^^ 



A^ 



A^^ 



TTr, 



annihilates all the column exchange relations in A'"^^ i.e. the top rhombus in (5.10) is commutative 
up to multiplication by non zero scalar factor as well. Thus the whole diagram (5.10) is commutative 

up to rescales at the nodes. Now we are ready to describe the elements h^. 

In case (B) we take the rightmost column with the wrong inequality 6i^£ ^ 6k,e and consider an 
element 

+ e A^i (g A^2 = (g A^i (g A^^ ^ 

where S ~< D is obtained from D by transposing the entries 5i^£, Sk^e- Since the image of this element 
in TTp/ (g TTp^ is zero, it follows from the commutativity of the bottom rhombus in (5.10) that 

ho = XD + xs = e 1^ e{e^ + e'^) G ttfi (g TTpa 

lies in ker |Lt C J2 as required. 

In case (A) we take the maximal k such that dk^2 < dk,i (i- e. the lowest row with the wrong 
order) and consider an exchange relation (4.5) that exchanges first k elements of the second column 
in D with all fc-element ordered subsets of the first column, i. e. an element 



ho 



aD 



056* G A 



D 



A^i 



34 



A. L. GORODENTSEV, A. S. KHOROSHKIN, AND A. N. RUDAKOV 



where S -< D are obtained from D by all the exchanges a in question. Since the image oi hn im^D 
is zero, the class of an element 1 (8) a{hD) € A^^i (g) A'"^ in the factor ttfi <8) Trpa belongs to ker /x C J2. 
At the same time the difference 

(xD - ^ asxs^ - £ (8) e(l o-iho)) € ttfi <8) TTrj 
s 

is a sum of e e-images of elements from A^^ (g) A'"^ that have a form considered above in the case 
(B). In particular, this difference lies in J2 as well. We conclude that 

hr = XD - asxs 
s 

satisfies the required properties. 
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